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SUBHOJOY GUPTA AND HARISH SESHADRI

Abstract. We prove that the Teichmüller space T of a closed surface of genus
g ≥ 2 cannot be biholomorphic to any domain which is locally strictly convex
at some boundary point.

1. Introduction

A classical result of L. Bers asserts that the Teichmüller space T of a closed
surface of genus g ≥ 2 can be realized as a bounded domain in C3g−3. While it is
known that T, endowed with the complex structure induced by this embedding, is
pseudoconvex (see for example [Kru91], [Yeu03], [Shi84]), there is only a partial
understanding of the biholomorphism-type of T. In particular, the following is a
folklore conjecture recently proved by V. Markovic in [Mar]:

Conjecture 1. The Teichmüller space of a closed surface of genus g ≥ 2 cannot
be biholomorphic to a bounded convex domain.

In this paper we address the finer question of local convexity at individual
boundary points. We say that a domain Ω ⊂ Cn is locally convex at p ∈ ∂Ω if
Ω ∩ B(p, r) is convex for some r > 0, where B(p, r) denotes the Euclidean ball
with center p and radius r. We raise the following stronger conjecture:

Conjecture 2. The Teichmüller space of a closed surface of genus g ≥ 2 cannot
be biholomorphic to a bounded domain Ω ⊂ C3g−3 that is locally convex at some
boundary point.

Recall that a domain Ω ⊂ CN is said to be strictly convex if Ω is convex and ∂Ω
does not contain any line segment. As above, we say that a domain Ω is locally
strictly convex at p ∈ ∂Ω if there exists r > 0 such that Ω ∩ B(p, r) is strictly
convex.

Our main result is as follows:

Theorem 1.1. The Teichmüller space T of a closed surface of genus g ≥ 2 cannot
be biholomorphic to a bounded domain Ω ⊂ C3g−3 which is locally strictly convex
at some boundary point.

Remark: In fact, minor modifications of the proof of Theorem 1.1 yield a more
general statement: T is not biholomorphic to a bounded domain Ω with a locally
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strictly convexifiable boundary point. By definition, if p ∈ ∂Ω is such a point,
then there exists r > 0 and a holomorphic embedding F : Ω ∩ B(p, r) → C3g−3

such that F (Ω ∩B(p, r)) is strictly convex.

As an application of Theorem 1.1, we give a new proof of the following result
of S-T. Yau:

Theorem 1.2. The Teichmüller space T of a closed surface of genus g ≥ 2 cannot
be biholomorphic to a bounded domain with C2-smooth boundary.

As described in S-T. Siu’s survey [Siu91], Conjecture 1 fits in the context of the
work of S. Frankel ([Fra89]) who proves that any bounded convex domain with
a co-compact group of automorphisms acting freely and properly discontinuously
must be biholomorphic to a bounded symmetric domain. As for T, it is known
that there is a discrete subgroup Γ ⊂ Aut(T) acting freely on T such that the
quotient T/Γ has finite Kobayashi volume. However T/Γ is noncompact and a
generalization of Frankel’s result to the case of convex domains with finite-volume
quotients is not known.

A key ingredient in Frankel’s proof is complex rescaling along automorphism
orbits. As Frankel points out in his paper (see §7 of [Fra89]), this technique can be
employed even if one replaces the convexity assumption by local convexity at an
orbit accumulation point. This, and localization results in complex analysis such
as the Wong-Rosay theorem [Won77], [Ros79], motivated us to raise Conjecture
2.

Outline of proof: The proof is broadly based on K.-T. Kim’s proof that the
Bers embedding of T is not convex (see [Kim04]). We argue by contradiction and
suppose that T is biholomorphic to a bounded domain Ω with a locally strictly
convex boundary point. The main technical result in this paper asserts that
any such point is an orbit accumulation point of Aut(T). In Kim’s paper, C.
McMullen’s result about the density of cusps in the Bers boundary [McM91] was
used to prove that every point in the Bers boundary is an orbit accumulation point.
Unfortunately the latter property may not be preserved under biholomorphisms
of domains as biholomorphism may not extend in an absolutely continuous (or
even continuous) manner to closures of domains.

By choosing such an orbit accumulation point to be an Alexandroff-smooth
point (see Theorem A.2) and applying a rescaling argument due to Kim-Krantz-
Pinchuk (described in the Appendix), one obtains a convex domain with a non-
discrete automorphism group. This contradicts a basic fact due to H. Royden
[Roy71] that Aut(T) is discrete.

The proof of the orbit accumulation property is based on two basic results in
Teichmüller theory:
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First, the abundance of holomorphic Teichmüller disks in T that are both to-
tally geodesic in the Teichmüller metric, and complex geodesics in the Kobayashi
metric; the two metrics coincide by the work of H. Royden in [Roy71].

Second, the ergodicity of the Teichmüller geodesic flow due to H. Masur [Mas82]
and W. Veech [Vee82]. Their work implies, in particular, that for any Teichmüller
disk, almost every radial ray gives rise to a geodesic ray in T that projects to a
dense set in moduli space Mg := T/Aut(T). In particular, there is a sequence of
points along such rays that recur to any fixed compact set in Mg.

Given these facts, the proof involves an elementary but delicate analysis of the
boundary behaviour of holomorphic functions on the unit disc in C. We choose a
point q ∈ Ω which is close to the strictly convex point p ∈ Ω and take a complex
geodesic φ : ∆ → Ω with φ(0) = q. The idea is to use a pluriharmonic “barrier”
function, namely the height from a supporting hyperplane, to prove the existence
of a positive measure set of directions in ∂∆ for which the radial limits of φ are
close to p. One can then apply the Masur-Veech ergodicity result to infer the
existence of an orbit point close to p.

Note: After the first draft of the this paper was circulated, we came to know
of the preprint of V. Markovic [Mar] where it is proved that Kobayashi and
Caratheodory metrics are not equal on T . By a result of L. Lempert (and its
extension due to H. Royden - P. M. Wong) this implies Conjecture 1. However,
the techniques employed in this paper are completely different and our main result
(Theorem 1.1) does not follow, to the best of our knowledge, from the work of
Markovic if we do not assume the main technical result of this paper about locally
strictly convex points being orbit accumulation points.

Acknowledgements: We are grateful to Gautam Bharali and Kaushal Verma
for many illuminating conversations. The first author thanks the hospitality and
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Spaces’ from the Danish National Research Foundation (DNRF95) during May-
June 2016. He wishes to acknowledge that the research leading to these results
was supported by a Marie Curie International Research Staff Exchange Scheme
Fellowship within the 7th European Union Framework Programme (FP7/2007-
2013) under grant agreement no. 612534, project MODULI - Indo European
Collaboration on Moduli Spaces.

2. Preliminaries

2.1. Teichmüller space and Teichmüller disks. We briefly recall some basic
facts and definitions in Teichmüller theory that shall be relevant to this paper;
see [Leh87], [Ahl06], [Hub06] for further details and references.

For a closed surface S of genus g ≥ 2, the Teichmüller space T is the space of
marked Riemann surfaces:
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T = {(f,X)| X is a Riemann surface and f : S → X is a homeomorphism}/ ∼
where (f,X) ∼ (g, Y ) if there is a biholomorphism h : X → Y that is homotopic
to g ◦ f−1.

The Teichmüller metric on T is defined as

(1) dT((f,X), (g, Y )) =
1

2
inf
h

lnK(h)

where the infimum varies over all quasiconformal homeomorphisms h : X → Y
that are homotopic to g ◦ f−1, and K(h) is the quasiconformal distortion of the
map h.

Teichmüller in fact showed that the infimum in (1) is achieved by a Teichmüller
map that is determined by a holomorphic quadratic differential q on X. Such
differentials in fact span the cotangent space T ∗XT to Teichmüller space at the
point X, and any point X and direction q determines a Teichmüller geodesic ray.

The following results from Teichmüller theory is of crucial importance to this
paper.

First, we have:

Theorem 2.1 (Masur [Mas82], Veech [Vee82]). The Teichmüller geodesic flow is
ergodic: that is, for almost every X ∈ T and q ∈ T ∗XT, the projection of the Te-
ichmüller geodesic ray to the cotangent bundle of moduli space Mg equidistributes.

Second, a Teichmüller disk is an isometric embedding

D : (∆, ρ∆)→ (T, dT)

which is also holomorphic. Here ρ∆ is the distance function of the Poinc’are metric
on ∆. See for example, §9.5 of [Leh87], for their construction and properties.

Such embeddings are abundant: there is a Teichmüller disk through any given
point X ∈ T and direction q ∈ T ∗XT. Moreover, the image of the radial rays
Rθ = D(·, θ) for a fixed angle θ are Teichmüller geodesic rays in T.

We shall use the following consequence of the ergodicity of the Teichmüller
geodesic flow. In what follows, a Teichmüller geodesic ray is dense if its projection
to Mg is a dense set.

Proposition 2.2. Given X ∈ T, there exists a Teichmüller disk D : ∆ → T

with D(0) = X and a full measure subset Ξ ⊂ ∂∆ such that if eiθ ∈ Ξ, then the
Teichmüller ray Rθ ⊂ D is dense in the above sense.

Proof. By the ergodicity theorem, we have that for almost every point X ∈ T

and almost every direction q ∈ T ∗XT, the Teichmüller geodesic ray from X in
the direction q equidistributes in the tangent bundle Q → T, and in particular,
projects to a dense set in Mg. From the same work of Masur and Veech, it
follows that the subset of uniquely-ergodic directions q ∈ T ∗XT is of full measure.
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Moreover, from Theorem 2 of [Mas80] two Teichmüller rays in the same uniquely-
ergodic direction are (strongly) asymptotic, and hence at any given basepoint X,
the set of directions E which yield a dense ray is of full measure.

The unit sphere of directions S6g−7 comprising holomorphic quadratic differen-
tials on X of unit norm is foliated by circles corresponding to directions given by
Teichmüller disks; by Fubini’s theorem almost every such circle will intersect E
in a set of full measure. In particular, there exists a Teichmüller disk and a full
measure set of directions Ξ in the unit circle such that each corresponding radial
ray gives rise to a dense Teichmüller geodesic ray. �

2.2. Complex structure on T: The complex structure on Teichmüller space is
inherited by the embedding

BX : T → C3g−3

introduced by Bers in [Ber60]. (Though the embedding depends on a choice of a
fixed Riemann surface X ∈ T, varying X produces biholomorphically equivalent
domains.)

The image of BX is a bounded domain.
On any bounded domain Ω in CN , the infinitesimal Kobayashi metric is defined

by the following norm for a tangent vector v at a point X ∈ Ω:

(2) K(X, v) = inf
h:∆→Ω

|v|
|h′(0)|

where over all holomorphic maps h : ∆ → Ω such that h(0) = X and h′(0) is a
multiple of v.

The Kobayashi metric dK on Ω is then the distance defined in the usual way:
one first defines lengths of piecewise C1 curves in Ω using the above norm and
then takes the infimum of lengths of curves joining two given points to get the
distance between them.

We list some elementary properties of the Kobayashi metric dK on a bounded
domain Ω in CN .

Proposition 2.3. (1) Biholomorphisms of Ω are isometries for dK.
(2) If Ω ⊂ Ω′ then their respective Kobayashi metrics satisfy d′K ≤ dK on the

smaller domain Ω.
(3) Let de denote Euclidean distance on CN . There exists C = C(Ω) such that

de ≤ CdK on Ω.

Sketch of the proof. (1) and (2) are immediate from the definition (2), and (3)
then follows from the comparison obtained by embedding Ω in a round ball of
radius C in CN . �

The Kobayashi metric on the image of the Bers embedding gives rise to the
Kobayashi metric dK on T. The following fundamental result is due to Royden:
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Theorem (Royden [Roy71]). (i) The Kobayashi and Teichmüller metrics on T

coincide, that is, dT = dK.
(ii) The group of biholomorphisms of T is the mapping class group.

Here the mapping class group MCG(S), defined by

MCG(S) = Homeo+(S)/Homeo+
0 (S),

is the group of orientation-preserving homeomorphisms of S quotiented by the
subgroup of those homotopic to the identity. This is a discrete group in the
topology induced from the compact-open topology on Homeo+(S). MCG(S) acts
properly discontinuously on T by the action φ · (f,X) → (f ◦ φ−1, X) and the
quotient is the Riemann moduli space Mg.

Finally, we note that the Teichmüller disks introduced in §2.1 are complex
geodesics in the following sense:

Definition 2.4. Let Ω ⊂ CN be a bounded domain. A complex geodesic in Ω is
an isometric, holomorphic embedding φ : (∆, ρ∆) → (Ω, dK), where ρ∆ denotes
the Poincare metric on ∆ and dK is the Kobayashi metric.

3. Orbit accumulation points

We prove the main technical result of this paper in this section:

Proposition 3.1 (Shadowing orbit). Let Ω ⊂ C3g−3 be a bounded domain that
is biholomorphic to the Teichmüller space T. If p ∈ ∂Ω is a locally strictly con-
vex boundary point, then p is an accumulation point of an orbit of Aut(D) =
MCG(S).

3.1. Basic Setup. We shall use the following notation:

• ∆ := {z ∈ C : |z| = 1}
• For r > 0, B(p, r) denotes the closed Euclidean ball of radius r and center p.

• Let Ω ⊂ CN be a domain and p ∈ ∂Ω is a locally strictly convex point.
Suppose that U = Ω ∩B(p, r) is strictly convex for some r > 0.

• Vp denotes a supporting hyperplane for U at p.

Definition 3.2 (Height function). We define the height h(q) of any point q ∈ Ω
to be the Euclidean distance between q and Vp, i.e., if ν ∈ (Vp − p)⊥ ⊂ CN is a
unit normal to Vp pointing into Ω, then

h(q) := 〈q − p, ν〉.
This defines a pluriharmonic function hp : CN → R.

• For δ > 0 let Ω≤δ := h−1((−∞, δ]) be the δ-sublevel set of the height function
and let Ω0

≤δ be the connected component of Ω≤δ containing the point p.

We have the following elementary observation:
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Lemma 3.3. As δ → 0, Ω
0

≤δ converges in the Hausdorff topology to {p} .

Proof. We just have to check that given ε > 0, there is a δ0 > 0 such that
Ω≤δ ⊂ B(p, ε) for all δ < δ0.

If not, there is an ε > 0 and a sequence qi ∈ Ω
0

≤δi \ B(p, ε) where δi → 0 as
i→∞.

Since δi → 0, after passing to a subsequence, {qi}i≥1 converges to a point
q ∈ C = Vp∩∂Ω0

≤δi . The strict convexity assumption implies that Vp∩∂Ω0
≤δi = {p}.

Hence, for i large enough, qi ∈ B(p, ε), which is a contradiction. �

Let φ : ∆→ Ω be a complex geodesic such that φ(0) ∈ Ω0
≤δ.

Also, let

(3) F : ∆→ R+

be the harmonic function F := h ◦ φ. Note that

(4) F (0) < δ

3.2. Positive measure limits. The goal of this section is to show:

Proposition 3.4. There is a positive measure subset E1 ⊂ ∂∆ such that for each
θ ∈ E1, the geodesic ray γθ = {φ(reiθ) : 0 < r < 1} eventually lies in Ω0

≤2δ.

Let V ⊂ ∆ be the component of the pre-image set φ−1(Ω0
≤δ) that contains 0.

By changing δ slightly we can assume that ∂V ⊂ ∂φ−1(Ω0
≤δ) is a submanifold of

∆, i.e., is a union of homeomorphic copies of circles and open intervals I such that
I − I ⊂ ∂∆.

Lemma 3.5. V is simply connected.

Proof. Since V is a planar domain, it is homeomorphic to a disc with (possibly
infinitely many) punctures. In particular there is a nontrivial element of π1(V )
which is represented by a smooth embedding of S1 in V . We denote the image
of this embedding by σ. By the Jordan curve theorem C − σ has exactly one
connected component W with compact closure. Note that W ∪σ is homeomorphic
to a closed disc.

As observed above, ∂V comprises of arcs with limit points in ∂∆ and closed
curves (embedded circles) in the interior ∆. Assume W is not contained in V ,
that is, W ∩ ∂V 6= ∅. However W cannot intersect any arc component of ∂V as
then that arc would intersect σ ⊂ V , which is a contradiction. Thus W contains
an embedded circle γ ⊂ ∂V . However γ is the boundary of a topological disc
D ⊂ ∆. Since the harmonic function F = h ◦ φ is the constant δ on γ, we would
conclude that F ≡ δ on D and hence on ∆. This contradicts our assumption that
F (0) < δ.
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Hence W ⊂ V . But this contradicts our assumption that σ is a nontrivial loop
in V . �

Our analysis will involve understanding the boundary behavior of V . The fol-
lowing classical results is the basis of our analysis:

Theorem 3.6 (Fatou). For any bounded holomorphic or harmonic function f :
∆ → C there exists a measurable subset X ⊂ ∂∆ of full measure such that for
any θ ∈ X, the radial limit of f exists. We denote this limit by

f̂(eiθ) = lim
r→1

f(reiθ)

.

Remark. These radial limits correspond precisely to “accessible points” of the
boundary of the image domain when f is a uniformizing Riemann map (see The-
orem 4.18 of [BF14].

Finally, we recall the notion of “harmonic measure” in the following theorem
that summarizes some of its properties (see [Ran95] for details).

Lemma 3.7. (i) Let U ⊂ C be a domain such that ∂U is not a polar set. Fix a
z ∈ U . Then there is a unique Borel measure ω(z, U) on ∂U , called the harmonic
measure of U with respect to z, with the property that for any continuous function
f : ∂U → R, the harmonic extension F : U → R is given by :

F (z) =

∫
∂U

f(η)ω(z, U).

(ii) Suppose that U is simply-connected and f : ∆ → U is a conformal map
with f(0) = z. Let Y ⊂ ∂∆ be the set of full measure where the radial limits of f

exist and let Z = f̂(Y ) ⊂ ∂U . If E ⊂ Z is a Borel set then f̂−1(E) is a Borel set
and

ω(0,∆)(f̂−1(E)) = ω(z, U)(E).

(iii) For any z ∈ ∆, ω(0,∆) is absolutely continuous with respect to the Lebesgue
measure on ∂∆.

We can now prove:

Lemma 3.8. Let V ⊂ ∆ be the component of φ−1(Ω0
≤δ) containing 0. Then the

Lebesgue measure m(∂V ∩ ∂∆) > 0.

Proof. Let E = ∂V ∩ ∂∆ and suppose that suppose that m(E) = 0. Note that
Lemma 3.7 applies as ∂V is not a polar set: not every harmonic function on V is
constant.

A classical monotonicity estimate of T. Carleman (see Theorem 4.3.8 of [Ran95])
then implies that

ω(z, V )(E) ≤ ω(z,∆)(E) for any z ∈ V.
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If m(E) = 0, then ω(z,∆)(E) = 0 by the final statement of Lemma 3.7. Hence
ω(z, V )(E) = 0 by the above inequality.

By Lemma 3.5, there exists a uniformizing biholomorphism f : ∆ → V with
f(0) = z. Fatou’s theorem (Theorem 3.6) gives us a set of full measure X0 ⊂ ∂∆
such that f has radial limits at every eθ ∈ X0.

Also, Fatou’s theorem applied to the harmonic function F1 = F ◦ f where F is
the harmonic height function in (3), yields a full measure set X1 ⊂ ∂∆ such that
F1 has radial limits at every eiθ ∈ X.

Let X = X0 ∩ X1 be the full measure set obtained as their intersection. Let
f̂ : X → ∂V be the boundary map defined by the radial limits.

Recall that arcs of ∂V in the interior of ∆ are the level sets of the harmonic
function F as in (3), for the value δ. Thus for any point q = eiθ ∈ X such that

f̂(q) ∈ ∂V ∩∆, the harmonic function F1 = F ◦f has a radial limit δ in the radial
direction at angle θ.

Since ∂V = (∂V ∩∆)tE, for any other point q′ ∈ X, we have f̂(q′) ∈ E. That

is, if E1 = E ∩ f̂(X), then q′ ∈ f̂−1(E1).
But by the conformal invariance of harmonic measure as decsribed in (ii) of

Lemma 3.7, we have:

ω(0,∆)(f̂−1(E1)) = ω(z, V )(E1) ≤ ω(z, V )(E) = 0.

Thus, for the harmonic function F1 : ∆→ R almost every radial limit is δ.
The Poisson integral formula (see (i) of Lemma 3.7) then implies that F1 ≡ δ

on ∆, which is a contradiction to (4). �

We will use Fatou’s theorem, together with the following variant of Lusin’s
theorem for measurable functions:

Lemma 3.9. Let f,X be as described in Theorem 3.6. For any ε > 0 there is an
r0 > 0 and a positive measure subset E0 ⊂ ∂V ∩ X with the following property:
for any r0 < r < 1 and eiθ ∈ E0 we have

|f̂(eiθ)− f(reiθ)|≤ ε

Proof. Fix an ε > 0. For any n > 1, let

Xn = {θ ∈ X : |f(eiθ) − f(reiθ)|< ε for any 1− 1

n
< r < 1}.

Note that Xn ⊂ Xn+1 and X =
⋃
n

Xn. Also m(∂V ∩X) = m(∂V ∩ ∂∆) > 0 by

Lemma 3.8 and the fact that X has full measure. Hence m(∂V ∩Xn0) > 0 for n0

large enough. Letting r0 = 1− 1
n0

and E0 := ∂V ∩Xn0 we are done. �

Let X ⊂ ∂∆ now denote full measure set where the holomorphic embedding
φ : ∆ → Ω ⊂ CN has radial limits. Applying Lemma 3.9 to the component
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Figure 1. Figure for proof of Proposition 3.4.

functions of φ and fixing ε < δ/N we can find a E0 ⊂ ∂∆ and an r0 > 0 such that

(5) |φ̂(eiθ)− φ(reiθ)|≤ δ

for all r0 < r < 1 and eiθ ∈ E0.

Let
• x ∈ E0 be a point of density of E0,
• R : ∆− {0} → ∂∆ be the radial projection map R(z) = z

|z| ,

• S1(r) = {z : |z| < 1}, A(r) = {z : r < |z| < 1}.

Proof. (of Proposition 3.4): Let xn ∈ V be a sequence converging to x. Without
loss of generality we can assume that xn ∈ A(r0) where r0 waschosen above.
Since V is connected by hypothesis, we can find an > 0 and an embedded curve
σn : [0, an] → V with σn(0) = xn, yn := σn(an) ∈ S1(r0) and σn([0, an)) ⊂ A(r0).
Let Fn = R(σn) ⊂ ∂∆. We note that Fn is a closed arc of S1 = ∂∆. (See Figure
1.)

Case 1: infnm(Fn) > 0. If we let Fn = [eiαn , eiβn ] these arcs converge to a
limiting arc G = [eiα, eiβ] on S1 of positive length, that is, m(G) = β − α > 0
(by the assumption inf(βn − αn) > 0) . Moreover, since xn → x, the projections
R(xn) ∈ x and we have x ∈ G. We can assume, by passing to a subsequence, that
one of the following hold:

• αn+1 ≤ αn and βn+1 ≤ βn for all n. In this case α = inf αn, β = inf βn,
and we define Gn = [eiαn , eiβ].
• αn+1 ≤ αn and βn+1 ≥ βn for all n. In this case α = inf αn, β = sup βn,

and we define Gn = [eiαn , eiβn ].
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• αn+1 ≥ αn and βn+1 ≤ βn for all n. In this case α = supαn, β = inf βn,
and we define Gn = [eiαn , eiβn ].
• αn+1 ≥ αn and βn+1 ≥ βn for all n. In this case α = supαn, β = sup βn,

and we define Gn = [eiα, eiβn ].

Note that in each of these cases, the subsets {Gn}n≥1 are monotonic, that
is, either Gn ⊂ Gn+1 for all n, or Gn+1 ⊂ Gn for all n. Moreover, in case
they are monotonically increasing, their union

⋂
n

Gn = G and in case they are

monotonically decreasing, their intersection
⋃
n

Gn = G. We then have

m(G ∩ E0) = lim
n
m(Gn ∩ E0).

However the density property of x implies that m(G ∩ E0) > 0. Hence m(Gn ∩
E0) > 0 for n large enough.

Also, by construction of the sets Gn above, we have Gn ⊂ Fn.
Let q ∈ Gn∩E0: by definition of Fn, the radial ray ending at q contains a point

p in σ, in particular a point in V ∩ A(r0). Since q ∈ E0 we then have

|φ(p)− φ̂(q)| < δ

by our choice of r0 above. Since φ(p) ∈ φ(V ) = Ω0
≤δ, we obtain that φ(q) ∈ Ω0

≤2δ.
Since this holds for every q ∈ Gn ∩ E0 and m(Gn ∩ E0) > 0, we have the desired
conclusion, with the positive measure set E1 := Gn ∩ E0.

Case 2: infnm(Fn) = 0. This condition implies that a subsequence of the
yn ∈ V converges to a point y ∈ S1(r0) which lies in the interior of the radial ray

through x. Since x ∈ E0, and y ∈ V , we have, as in Case 1, |φ̂(x)−φ(y)| ≤ δ and
φ(x) ∈ Ω0

≤2δ.

If Case 1 holds for even a single x we are done. Otherwise Case 2 holds for
every point of density x ∈ E0. By Lebesgue’s density theorem, points of density
D have full measure and setting E1 := D ∩ E0, the proof is complete.

�

3.3. Limits of thick points. Throughout this section, let p ∈ ∂Ω be a point that
is smooth in the sense of Definition A.1, with a neighborhood U = B(p, r) ∩ Ω
that is strictly convex (see the setup in the beginning of §3.1).

We shall now use Proposition 3.4 to prove that a boundary point p ∈ ∂Ω is an
accumulation of “thick” points in Teichmüller space, that is,

Proposition 3.10. Fix a compact set K ⊂Mg. There exists a sequence of points
{pn}n≥1 ⊂ Ω such that

• pn → p in the Euclidean metric on CN , and
• pn projects to the compact set K in Mg.
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Proof. Choose a sequence of neighborhoods {Un}n≥1 around p that shrink to p
(see Lemma 3.3). It suffices to show that there is a point pn ∈ Un for each n, that
projects the fixed compact set K in Mg.

Fix an n ≥ 1.
By Proposition 2.2 there exists a complex geodesic φ : ∆→ Ω with φ(0) = q ∈

Ω0
≤δ such that the set Ξ ⊂ ∂∆ of directions that yield dense Teichmüller rays is

of full measure in ∂∆.
By Proposition 3.4 for such a complex geodesic φ there exists a positive measure

subset E1 ⊂ ∂∆ of radial directions such that the corresponding geodesic rays γθ
are eventually contained in Un ∩ Ω.

Then for any eiθ in the positive measure set E1 ∩ Ξ, the Teichmüller geodesic
ray γθ

• projects to a dense set in Mg, and in particular, recurs to the compact set
K
• is also eventually contained in Un ∩ Ω.

Hence there is such a point pn ∈ Un lying along the ray (and in fact infinitely
many of them) that projects to the compact set K. �

3.4. Orbit accumulation points. Proposition 3.1 is now an immediate conse-
quence of Proposition 3.10 :

Proof of Proposition 3.1. Fix a compact set K in Mg. By Proposition 3.10 there
is a sequence of points {pn} ⊂ Ω converging to p, such that the projection of pn to
Mg lies in K. Since MCG(S) = Aut(Ω) there exist automorphisms γn of Ω such
that xn := γn(pn) lie in a fixed compact lift K0 ⊂ Ω of K. We extract a convergent
subsequence xn → x ∈ K0 and claim that γ−1

n (x) → p. This essentially follows
from two facts: on any bounded domain, the Euclidean distance de is bounded
above by the Kobayashi distance dK (see (3) of Proposition 2.3) and the two
distances induce the same topology:

de(γ−1
n (x), γ−1

n (xn)) ≤ CdK(γ−1
n (x), γ−1

n (xn)) = CdK(xn, x)→ 0

where C is a constant as in Proposition 2.3, and the last equality follows from
the fact that any biholomorphic automorphism is also an isometry of Ω in the
Kobayashi metric. Hence we have:

de(γ−1
n (x), p) ≤ de(γ−1

n (x), γ−1
n (xn)) + de(γ−1

n (xn), p)→ 0.

which proves the claim. �

4. Proofs of Theorem 1.1 and 1.2

Let Ω ⊂ C3g−3 be as in Theorem 1.1.
W choose a locally strictly convex boundary point p ∈ ∂Ω that is also Alexan-

droff smooth (such a point exists by Alexandroff’s theorem - see Corollary A.4).
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By Proposition 3.1 the boundary point p is an accumulation point of a mapping
class group orbit of some point q ∈ Ω. In particular, there is a sequence of
biholomorphic automorphisms φj : Ω→ Ω such that φj(q)→ p (in the Euclidean
metric) as j →∞.

We then obtain a sequence of rescalings as in §2.4. Applying Proposition A.6,
we then obtain a domain biholomorphic to T that has a continuous family of auto-
morphisms, which contradicts Royden’s theorem that Aut(T) is discrete(Corollary
2.2).

This completes the proof of Theorem 1.1.

4.1. Smooth boundary: Proof of Theorem 1.2. In this section let Ω be
a smooth C2-bounded domain. Theorem 1.2 asserts that a finite-dimensional
Teichmüller space T cannot be biholomorphic to Ω.

This has been observed earlier (see pg. 328 of [Yau11]); here we give a simpler
proof based on the considerations in this paper.

We recall the following well-known and elementary fact from differential geom-
etry:

Lemma 4.1. For any bounded domain Ω ⊂ CN with C2-smooth boundary, there
exists a locally strictly convex boundary point p ∈ ∂Ω .

Proof. Consider a point p ∈ Ω that realizes the largest distance from the origin
sup{|x| : x ∈ Ω} = d. It is clear that p ∈ ∂Ω and that Ω ⊂ B(0, d). Moreover, Ω
and ∂B(0, d) intersect at p where they share a common tangent space. We claim
that Ω is locally strictly convex at p. To see this, let ρ : CN → R be a C2-smooth
defining function for Ω, i.e., ρ−1(−∞, 0) = Ω, ρ−1(0) = ∂Ω and ∇ρ(p) 6= 0 for
every p ∈ ∂Ω. It is then enough to show that the Hessian of ρ at p restricted to
Tp(∂Ω) is positive definite, which the following calculation shows:

Let v ∈ Tp(∂Ω) and σ : (−ε, ε)→ ∂Ω a C2 curve with σ(0) = p and σ′(0) = v.
Consider φ := ‖σ‖2 : (−ε, ε)→ R. Since t = 0 is a local minimum for φ, we have

(6) 〈σ′′(0), p〉 ≤ −‖v‖2.

On the other hand, differentiating the equation ρ◦σ(t) = 1 twice at t = 0 we have

(7) Hess ρ(v, v) = −〈∇ρ(p), σ′′(0)〉.

Since ∇ρ(p) = cp for some c > 0, (6) and (7) together give Hess ρ(v, v) ≥
c‖v‖2. �

An application of Theorem 1.1 completes the proof of Theorem 1.2.

Appendix A.

A.1. Alexandroff smoothness. Let Ω ⊂ Rn be a domain.
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Definition A.1. We say that a boundary point p ∈ ∂Ω is Alexandroff smooth if

(i) Ω is locally convex at p.

(ii) there exists r > 0 such that Ω ∩ B(p, r) is convex and ∂Ω ∩ B(p, r) is the
graph of a convex function ψ : U ∩ V → R+ that has a second order Taylor
expansion at p. That is, if we assume without loss of generality that p = 0 and
V = {xn = 0} is a supporting hyperplane for Ω ∩B(p, r), we have:

(8) ψ(x1, x2, . . . xn) =
1

2

∑
i,j

Hi,jxixj + o(‖x‖2)

for some n × n symmetric matrix H (which, for a genuine C2-function, is the
Hessian).

Theorem A.2. (Alexandroff [Ale39], [BCP96]) If Ω is a convex domain, then
almost every boundary point is smooth in the above sense.

Lemma A.3 (Interior sphere). Let Ω ⊂ Rn be a domain, and p ∈ ∂Ω be an
Alexandroff smooth point. Then p has an interior sphere contact, namely there is
a round sphere S contained in Ω̄ such that S ∩ Ω̄ = {p}.

Proof. We apply Alexandroff’s theorem stated above to the convex domain Ω ∩
B(p, r). As in Definition A.1, we can assume that p = 0 and V = {xn = 0} is a
supporting hyperplane for Ω ∩B(p, r). Let ψ : U ∩ V → R+ be a convex defining
function as earlier. Then it is then easy to check that for any 0 < ε < min{r, 1

2‖H‖},
the sphere S centered at (0, 0, . . . , 0, ε) and radius ε lies above the graph defined
by (8) and contained in Ω ∩B(p, r). �

As a consequence, one has:

Corollary A.4. Let Ω ⊂ Rn be a bounded domain that is locally convex at a
point p ∈ ∂Ω. Then there is a (possibly different) boundary point p′ ∈ ∂Ω that is
both locally convex and Alexandroff smooth, and in particular, an interior sphere
contact point.

Proof. By definition of locally convex, there is a neighborhood B(p, r) for r > 0
such that B(p, r)∩Ω is a convex domain. By Theorem A.2 the subset ∂Ω∩B(p, r)
contains an Alexandroff smooth point. (All such points are also locally convex.)
As the preceding lemma then asserts, such a point would be a point of contact of
an interior sphere in Ω ∩B(p, r) ⊂ Ω. �

A.2. Kim-Krantz-Pinchuk rescaling. Let Ω be a bounded domain and q ∈ ∂Ω
an Alexandroff smooth point.
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Let {pj}j≥1 ∈ D be a sequence converging to q. For each j let qj ∈ ∂Ω be the
closest boundary point, with

‖pj − qj‖ = inf
x∈∂Ω
‖pj − x‖.

We can find a unitary transformation Tj : CN → CN such that the affine map
ψj : CN → CN defined by ψj(z) = Tj(z − pj) satisfies

ψj(Ω) ⊂ {(z1, ..., zn) : Re(zn) > 0}.

Denote by V j
n−1 the orthogonal complement in CN of the line joining the origin

and ψj(qj) and let Dj
n−1 be the projected slice

Dj
n−1 = {z ∈ V j

n−1 : z + ψj(qj) ∈ ψj(Ω)}.

Note that Dj
n−1 is a domain in V j

n−1 containing the origin. Let xjn−1 be a point in

∂Dj
n−1 closest to the origin. Let V j

n−2 denote the orthogonal complement in V j
n−1

of the line spanned by xjn−1 and let

Dj
n−2 = Dj

n−1 ∩ V
j
n−2.

We continue this process as long as it is possible to do so.
By this process we obtain mutually orthogonal vectors xj1, ..., x

j
n−1. Then the

vectors

ejl =
xjl
‖xjl ‖

form an orthonormal basis for CN . For each j define the complex linear mapping

Λj
l (x

j
l ) = ejl , l = 1, 2, ..., n.

Definition A.5. The Pinchuk rescaling sequence associated to {pj}j≥1 is then
the sequence of complex linear maps

σj := Λj ◦ ψj : CN → CN

Now assume that {pj}j≥1 is an automorphism orbit, that is, pj = φj(p0) for
some p0 ∈ Ω and φj ∈ Aut(Ω). Let

ωj = σj ◦ φj : Ω→ CN

be the resulting sequence of biholomorphisms.
One then has the following

Proposition A.6. In the above set-up, and in particular under the assumption
that the initial bounded domain Ω is locally convex at the smooth boundary point
q, the following hold:

(1) A subsequence of {ωj}j≥1 converges uniformly on compact subsets to a
holomorphic embedding ω̂ : Ω→ CN .
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(2) For the above subsequence ωj(Ω) converges, in the local Hausdorff topology,
to ω̂(Ω).

(3) Let p be a smooth boundary point with an interior sphere contact (as in
Lemma A.3) . Then the 1-dimensional slices

Σj = {z ∈ Ω : z − qj = λ(pj − qj)}
converge in the local Hausdorff topology to the upper-half plane {z ∈ CN :
Re(zn) ≥ 0}. In particular the map z 7→ z + ten is an automorphism of
ω̂(Ω) for each t ∈ R.

For the proof, we refer to §4 of [KK03] and §2 of [Kim04] (see also [KK08]).
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