
INTRODUCTION TO DISCRETE PROBABILITY
SUMMER 2009

1. COURSE PLAN

Week Topics Sections from the book

May 4 Probability space, combinatorial problems, Countable and uncountable Chapter 1

May 11 Inclusion-exclusion and related problems, Conditional probability Chapters 4, 5.1
Independence 5.3

May 18 Independence, Urn models, Random variables, their distribution, expectation, 5.4, 5.2
moments, generating functions. 9.1-9.5

May 25 Some basic distributions - Bernoulli, Binomial, Multinomial, 6.1-6.9
Poisson, Geometric, Negative binomial, Hypergeometric

June 1 Markov and Chebyshev inequalities. Weak law of large numbers (WLLN). 9.6, 10.1, 10.2
Central limit theorem for sums of Bernoullis. Poisson limit for rare events. Parts of chapter 7

June 8 Simple random walk - Gambler’s ruin. Ballot problem. Parts of 3, 14
Recurrence and transience.

June 15 Continuous distributions. CDF and PDF. Normal,
Exponential, Uniform.

June 22 Simulation of random variables on a computer

Note: Topics in this font form the core of the theory and topics in this other font are examples,
applications etc., which make it worthwhile to have a theory. The distinction is not too important anyway
...
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2. PROBLEM SET 1

(1) Write the probability space (sample space and probabilities) for the following “random experiments”.
[Random experiment is a phrase that has no mathematical meaning but corresponds to our intuitive feel-
ing or experience of “conducting an experiment that has many possible outcomes and observing which of
these actually occurs”. To do mathematics, we must convert the verbal description into a probability space
which is a legitimate mathematical object. To be able to do this, the description has to be unambiguous
enough.]
(a) Two fair coins are tossed and three fair dice are thrown.

(b) The top four cards are dealt from a well-shuffled deck of 52 cards.

(c) Four persons sit in (four out of!) five chairs at random.

(d) Four balls are randomly put into five cells.

(e) A random “word” (does not have to be meaningful!) is constructed with seven letters which are alter-
nately vowel and consonant.

(f) Four people are picked at random out of seven; four hats are picked at random from a lot of eight; and
the four chosen hats are put randomly on the four persons.

(g) A billion people vote for one out of three idiots.

(h) A businessman invests in two out of fifty stocks without a clue as to what he is doing.

(i) Eight states submit lists of six players each. A national team of fifteen is formed randomly, subject
to the conditions that no state must contribute more than four, and that each state should contribute at
least one.

(j) Three loaded dice are thrown.

(k) A racist dictator picks four generals out of a list of six white, two brown and three black men for special
medals of honour.

(2) Solve the following identities analytically (by using the definition or Binomial theorem etc.) as well as by
counting arguments [In counting arguments, we cook-up some set which can be counted in two different
ways, one way giving the left side and the other way giving the expression on the right side. Counting
arguments ‘feel elegant’, somewhat like pure geometry arguments sound elegant as compared to co-ordinate
geometry proofs. But, in complicated situations, the analytical way may be quicker...]
(a)
(n

k

)
+
( n

k−1

)
=
(n+1

k

)
.

(b)
(n

0

)2 +
(n

1

)2 + . . .+
(n

n

)2 =
(2n

n

)
.

(c)
n
∑

k=0
(n− k)

(n
k

)
= n2n−1.

(3) Solve the following questions about binomial co-efficients.
(a) Fix a positive integer n and consider

(n
k

)
as k goes from 0 to n. For which k is the binomial co-efficient

maximized? [Hint: Consider successive ratios
(n

k

)
/
( n

k−1

)
.]

(b) Find the asymptotics of
(2n

n

)
as n→ ∞. [Use Stirling’s formula and simplify as much as possible].
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(4) Decide whether the following sets are countable or uncountable and explain why.
(a) The set of positive even integers.

(b) The set of rational numbers.

(c) The set of rational numbers between 0 and 1.

(d) The set of real numbers between 0 and 1.

(e) The set of real numbers between 0 and 0.0001.

(f) The set of irrational numbers between 0 and 1.

(g) The sample space corresponding to tossing a coin finitely many times.

(h) The sample space corresponding to tossing a coin infinitely many times.
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3. PROBLEM SET 2

In each of the following problems, one or more random variables are specified. Write the probability space
explicitly and then find the distribution of the random variables.

(1) A (not necessarily fair) coin is tossed till a head turns up. Let X be the total number of tosses needed.

(2) A (not necessarily fair) coin is tossed till head turns up for the second time. Let X be the total number of
tosses needed.

(3) In a pond with N fish, of which n are blue and the rest are yellow, a fishing net is cast and k fish are caught.
Let X be the number of blue fish and let Y be the number of yellow fish in the catch.

(4) In a game of bridge, let X be the number of diamonds in the hand of ‘East’.

(5) In a constitutency, each of n people votes randomly (and independently of each other) for one out of two
candidates A and B. Let X1 and X2 be the number of votes gathered by A and B respectively. Let X be
the number of votes gathered by the winner and Y be the number of votes gathered by the loser. Find the
distributions of all four random variables.

(6) r balls are put randomly into n cells. Let X be the number of empty cells.

(7) n letters are put into n addressed envelopes. Let X be the number of letters that end up in the right envelopes.

(8) A well-shuffled deck of cards is placed face down on a table. A ‘psychic’ Prof. Trelawney writes down her
guess of the order of cards in the deck. Finally the psychic’s list is compared with the actual deck. Let X be
the number of correct guesses.

(9) N gun-crazy people stand in a circle. At the ring of a bell, each of them takes aim at a random person and
shoots. Let X be the number of people alive after the first round of shooting.

(10) Two gamblers play a game of cards n times, betting a dollar each game (this means that the loser pays a
dollar to the winner after each game). Let X be the profit made by the first gambler.
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4. SOLUTIONS TO PROBLEM SET 2

In each of the following problems, one or more random variables are specified. Write the probability space explicitly and then find the distribution of the
random variables.

(1) A (not necessarily fair) coin is tossed till a head turns up. Let X be the total number of tosses needed.
Solution: Ω = {(0),(0,1),(0,0,1), . . .}∪ {(0,0, . . .)} with p(0,...,0,1) = qn−1 p if there are n− 1 zeros before the one. Also, p(0,0,...) = 0. Then
X(0, . . .0,1) = n if there are n−1 zeros before the one and X(0,0, . . .) = ∞. The range of X is N∪{∞} and its distribution is given by

P[X = k] = (1− p)k−1 p.

(2) A (not necessarily fair) coin is tossed till head turns up for the second time. Let X be the total number of tosses needed.
Note Omit this one for the moment.

(3) In a pond with N fish, of which n are blue and the rest are yellow, a fishing net is cast and k fish are caught. Let X be the number of blue fish and
let Y be the number of yellow fish in the catch.
Solution: Number the blue fish from 1 to n and the yellow ones from n+1 to N. Let |S| denote the cardinality of a set S. Then,

Ω = {S : S⊂ {1,2, . . . ,N} and |S|= k}.

Here the sample points are subsets of size k (this means that we are looking at the ‘catch’ as a set, not as an ordered set of fishes. In a way, this is
more natural, but both ways are legitimate). Then we set pω = 1

(N
k)

for each ω ∈Ω (Since there are
(N

k

)
subsets of size k, these probabilities add up

to 1).
Then X = |S∩{1,2, . . .n}| and Y = |S∩{n+1, . . . ,N}|. The range of X is {0,1, . . . ,n} (not exactly, since we must have X ≤ k and Y ≤ N−n,

we see that k− (N−n) ≤ X ≤ k in addition to the inequalities 0 ≤ X ≤ n. Therefore the range is all integers from max{0,k− (N−n)} up to and
including min{k,n}. But it is not essential to find the exact range, we can take a larger set and give zero probabilities to many of the points...).

The distribution of X is given by

P[X = j] =

(n
j

)(N−n
k− j

)(N
j

)
for j in the range of X . This is the Hypergeometric(N,n,k) distribution.

(4) In a game of bridge, let X be the number of diamonds in the hand of ‘East’.

(5) In a constitutency, each of n people votes randomly (and independently of each other) for one out of two candidates A and B. Let X1 and X2 be the
number of votes gathered by A and B respectively. Let X be the number of votes gathered by the winner and Y be the number of votes gathered by
the loser. Find the distributions of all four random variables.

(6) r balls are put randomly into n cells. Let X be the number of empty cells.
Solution: Ω = {(i1, . . . , ir) : 1≤ i j ≤ n for j = 1, . . .r} and pω = 1

nr for each ω ∈Ω. Let Ak be the event that the kth cell is empty for k = 1, . . . ,n.
Then X = ∑

n
k=1 1Ak . Clearly the range of X is {0, . . . ,n}.

To find the distribution of X , let 0≤ k ≤ n and consider

P[X = k] = P[exactly k out of A1, . . . ,An occur]

= Sk−
(

k +1
k

)
Sk+1 + . . . . . .±

(
n
k

)
Sn

where S j are as defined in chapter IV. In our case we can see that

S j =
(

n
j

)(
n− j

n

)r

=
(

n
j

)(
1− j

n

)r

.

Therefore

P[X = k] =
(

n
k

)(
1− k

n

)r

−
(

k +1
k

)(
n

k +1

)(
1− k +1

n

)r

+ . . . ±
(

n
k

)(
1− n

n

)r
.

(7) n letters are put into n addressed envelopes. Let X be the number of letters that end up in the right envelopes.
Solution: Mathematically this problem is identical to the next one. Think of the envelopes as the deck of cards and the letters as the guesses of
Prof. Trelawney.

(8) A well-shuffled deck of cards is placed face down on a table. A ‘psychic’ Prof. Trelawney writes down her guess of the order of cards in the deck.
Finally the psychic’s list is compared with the actual deck. Let X be the number of correct guesses.
Solution: Number the cards from 1 to 52 in some way. Then

Ω = {(i1, . . . , i52) : i j are distinct numbers from 1,2, . . .52}

is the set of all permutations of the numbers 1, . . . ,52. And pω = 1/52!
Let Ak be the event that the kth card is guessed right. Then X = ∑

52
k=1 1Ak . Its range is {0,1, . . . ,52}. As we found earlier

P[X = k] = P[exactly k out of A1, . . . ,A52 occur]

= Sk−
(

k +1
k

)
Sk+1 + . . .±

(
52
k

)
S52

5



where S j are as defined in chapter IV. In our case we can see that

S j =
(

52
j

)
1

(52)(52−1) . . .(52− j +1)
=

1
j!

.

Hence we get

P[X = k] =
1
k!
−
(

k +1
k

)
1

(k +1)!
+ . . .±

(
52
k

)
1

52!

=
1
k!

(
1− 1

2!
+

1
3!
− . . .± 1

(52− k)!

)
.

Remark: If k is small, the sum inside the bracket is fairly close to e−1 and we get the approximation

P[X = k]≈ e−1

k!
valid for small k.

That is the number of correct guesses is approximately Poisson distributed with parameter 1. Using a calculator find ∑
j
k=0

e−1

k! for small j. How
many correct guesses would make Prof. Trelawney a ‘one in a million’ psychic?

(What does small k mean? How small? The sum in the series is up to 52− k instead of up to infinity. This is the approximation step. If we
fix k and play with n cards instead of 52, then as n→ ∞, the approximation gets better and better and P[X = k]→ e−1

k! . One can quantify the
approximation with more work).

(9) N gun-crazy people stand in a circle. At the ring of a bell, each of them takes aim at a random person and shoots. Let X be the number of people
alive after the first round of shooting.

(10) Two gamblers play a game of cards n times, betting a dollar each game (this means that the loser pays a dollar to the winner after each game). Let
X be the profit made by the first gambler.
Solution: Let X1 (respectively X2) be the number of games won by the first gambler (second gambler). Then this problem is identical to the voting
problem given above. X is basically the same as X1−X2 in the voting problem. Anyway, the range of X is {−n,−n + 2, . . . ,n− 2,n} (all even
numbers if n is even and all odd if n is odd). Since X1 + X2 = n, we get X = 2X1−n. Hence P[X = j] = P[X1 = j+n

2 ] which we know is equal to( n
j+n
2

) 1
2n .
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5. A NOTE ON PROBABILITY GENERATING FUNCTIONS

Let X be a non-negative integer valued random variable with pk = P[X = k]. Then we define the
generating function of X as

GX(t) = E[tX ] =
∞

∑
k=0

tk pk.

For what t does this actually exist? For −1 ≤ t ≤ 1, we see that |tX | ≤ 1 (since X ≥ 0 w.p.1). Therefore
E[|tX |] ≤ 1 and hence GX(t) makes sense for t ∈ [−1,1] (Can you show the same without using
properties of expectations, but just the power series p0 + p1t + p2t2 + . . . and what you
know from Analysis about convergence of power series?). In general G need not exist for any
t > 1. For examples see Problem set 3.

Thus GX is a real analytic function on (−1,1), meaning that it has a convergent power series expansion
∞

∑
k=0

pktk. Recall the following result from Real Analysis.

Theorem 1. Suppose f is a function on (x0− a,x0 + a) that has a convergent power series expansion
about x0

f (x) = a0 +a1(x− x0)+a2(x− x0)2 + . . .

Then, f is infinitely differentiable on (x0−a,x0 +a) and we can differentiate the series term by term to get

f (m)(x) =
∞

∑
k=0

(k)(k−1) . . .(k−m+1)ak(x− x0)k−m for x ∈ (x0−a,x0 +a).

It is part of the assertion that the series on the right converges on (x0−a,x0 +a) for any m. In particular,
setting x = x0, we see that f (k)(x0) = k!ak.

Applying this theorem to G(t) (x0 = 0 and a = 1), we see that pk = 1
k!G

(k)(0). Thus the function G
contains all the information about the probability distribution of X .

Since 1 is not inside the interval of convergence (−1,1), it is not legal to differentiate at t = 1. However,
in special cases (all the example we have seen, such as Poisson, Geometric etc.) it turns out that G
converges on an interval strictly larger than (−1,1). In such cases one can directly use the theorem above
to get

G(m)(1) = m! E[X(X−1) . . .(X−m+1)].
If G does not converge for any t > 1, this is not legitimate. In such cases, one only say the following. For
|t|< 1, we have

G′(t) =
∞

∑
k=0

pkktk−1 and more generally G(m)(t) =
∞

∑
k=0

k(k−1) . . .(k−m+1)pktk−m.

Then we let t→ 1 from the left and get

G′(1−) = lim
t→1−

∞

∑
k=0

pkktk ?=
∞

∑
k=0

kpk.

If the last limit is valid, then we get G′(1−) = E[X ] (and G(m)(1−) = m!E[X(X − 1) . . .(X −m + 1)]).
We shall not inverstigate this issue further, but just note that there is an issue. Hence we check in each
individual case whether the probability generating function convereges for some t > 1. If it does, then
there are no problems in differentiating at t = 1.

The usefulness of probability generating functions stems from another fact. Suppose X and Y are
independent random variables on some probability spaces taking values in {0,1,2, . . .}. Then X +Y is
also a random variables whose range is contained in {0,1,2, . . .}. Hence we may consider GX+Y (t) =
E[tX+Y ] = E[tX tY ]. It will be seen later that for any two independent random variables X ,Y , we have
E[ f (X)g(Y )] = E[ f (X)]E[g(Y )]. Therefore, GX+Y (t) = E[tX ]E[tY ] = GX(t)GY (t) (this is true for any t for
which GX(t) and GY (t) exist).
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6. PROBLEM SET 3

(1) For X having each of the following distributions - Bernoulli(p), Binomial(n, p), Geometric(p) -
find
(a) The expected value E[X ] and variance Var(X).
(b) The moment generating function E[tX ]. For what values of t does it exist?

(2) For the Poisson distribution, find the so-called factorial moments E[X(X−1) . . .(X−m+1)]. Use
the first two factorial moments to find the second moment and the variance. (In this case turns
out to be harder to find the moments directly. But the mth moment can be found using the first m
factorial moments, though the general formula for doing that is messy).

(3) Find the expected value for the Hypergeometric(N,n,k) distribution.

(4) For the following probability distributions, find the values of t for which the moment generating
function exists.
(a) pk = ck−2 (k ≥ 1) where c−1 = ∑1/k2.
(b) pk = ck−k (k ≥ 1) where c−1 = ∑1/kk.

(c) pk =
{

2−m if k = 2m.
0 if k is not a power of 2.
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7. PROBLEM SET 4

(1) Let Ω = {0,1}N and for ω = (ω1, . . . ,ωN), we set pω = p∑
N
i=1 ωi(1− p)n−∑

N
i=1 ωi .

(a) Define random variables X1, . . . ,XN by Xk(ω) = ωk. Show that X1, . . . ,XN are independent
(not just pairwise independent).

(b) Define Y1 = X1X2, Y2 = X2X3 and Y3 = X1X3. Show that Y1,Y2,Y3 are pairwise independent but
not independent.

(c) Let Ai, i≤ n, be events. Show that Ai are independent if and only if the random variables 1Ai

are independent.

(2) (a) If X1, . . .Xn are independent Bernoulli(p) random variables, then show that X = X1 + . . .+Xn
has Binom(n, p) distribution.

(b) Deduce that if X ∼Binom(n, p) and Y ∼Binom(m, p) and X ,Y are independent, then X +Y
has Binom(m+n, p) distribution.

(3) Prove that if X ∼Pois(λ) and Y ∼Pois(µ) and X ,Y are independent, then X +Y has Pois(λ + µ)
distribution.

(4) In each of the following situations, make educated guess as to whether X and Y are independent or
not. Then find the joint distribution of X and Y and check your guess.
(a) Polya’s urn scheme: X and Y are the colour of the first and second ball drawn, respectively

(we take 0 for black and 1 for white).
(b) r balls in n cells: X and Y are the number of balls in the first and second cells, respectively.
(c) Sampling with replacement: (Coupons numbered 1 to n are placed in box. A coupon is drawn

at random, noted and put back into the box. A second coupon is drawn, and so on.) Let X and
Y be the coupon numbers drawn in the first two draws.

(d) Sampling without replacement: (Same as above, except that the coupons drawn are not put
back into the box). Let X and Y be the coupon numbers drawn in the first two draws.

(e) Coin tossed 10 times: X is the number of heads in the first five tosses and Y is the number of
heads in the last five.

(f) Coin tossed 10 times: X is the number of heads in the first five tosses and Y is the number of
tails in the first five.

(5) Suppose X1, . . .Xn are independent random variables (on any probabilty space). Let f : Rk → R
and g : Rn−k→R be two functions and set Y1 = f (X1, . . . ,Xk) and Y2 = g(Xk+1, . . . ,Xn). Show that
Y1 and Y2 are independent. What is the more general statement that occurs to you?

(6) If X and Y are independent, then E[ f (X)g(Y )] = E[ f (X)]E[g(Y )] for any two functions f ,g : R→
R.

(7) For two random variables X ,Y on the same probability space, their covariance is defined as
Cov(X ,Y ) = E[(X−E[X ])(Y −E[Y ])].
(a) If X and Y are independent, then their covariance is zero.
(b) The converse is not true.
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8. SOME PROBABILITY INEQUALITIES

Most inequalities about real numbers are proved by reducing them to x2 ≥ 0 for x ≥ 0. Similarly the
probability inequalities below will reduce to the obvious observation that if X is a non-negative random
variable, then E[X ]≥ 0 and equality holds if and only if X = 0 w.p.1.

(1) Let X be a random variable with finite variance. Then it has finite expectation.
(2) Cauchy Schwarz inequality: Cov(X ,Y )2 ≤ Var(X)Var(Y ). Equality holds if and only if X = cY

for some constant c.
(3) Markov’s inequality: Let X be a non-negative random variable. Then for any t > 0

P(X ≥ t)≤ E[X ]
t

.

(4) Chebyshev’s inequality: Let X be a random variable with finite variance. Then

P(|X−E[X ]| ≥ t)≤ Var(X)
t2 .

9. WEAK LAW OF LARGE NUMBERS

Theorem 2. Let X1, . . . ,Xn be i.i.d. random variables with finite variance. Let µ denote the common
expectation of the Xis and σ2 the common variance. Then, for any ε > 0, we have

P
[

µ− ε <
X1 +X2 + . . .+Xn

n
< µ+ ε

]
→ 1.

Proof. Let Sn = X1 + . . . + Xn. Then, E[Sn] = nµ (by linearity of expectation) and Var(Sn) = nσ2 (by
independence of Xis). Hence applying Chebyshev’s inequality to the random variable Sn with t = εn, we
get

P(|Sn−nµ| ≥ εn)≤ nσ2

ε2n2 =
σ2

nε2 → 0.

The probability on the left is precisely the same as the probability that n−1(X1 + . . .+ Xn) differs from µ
by more than ε. Hence the proof is complete (take complements to get the statement in the theorem). �
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10. RANDOM WALKS

Consider Zd = {(n1, . . . ,nd) : ni ∈ Z}. Let Xk be i.i.d. vector-valued random variables taking values
±ek with probability 1/2d each, where e1 = (1,0, . . . ,0) etc.

Then we set S0 = 0 and Sk = X1 + . . .+ Xk for k ≥ 1. The sequence of random variables (S0,S1, . . .) is
calle d a simple random walk on Zd . Random walks are one of the most interesting objects in probability.
There are several interesting questions about random walks. We consider the following question that has
a very interesting answer.
Question:

(1) Does a simple random walk necessarily return to the starting point 0, with probability one?
(2) Does a simple random walk necessarily return to the starting point 0 infinitely many times, with

probability one?
(3) Does a simple random walk necessarily hit a vertex x (any x ∈ Zd), with probability one?

If the answer to the first question is “yes” (respectively, “No”), then so is the answer to the other two.
We leave you to figure out why. So we concentrate on the first question and prove the following theorem
of George Pólya.

Theorem 3. The answer to the first question is ‘Yes’ if d = 1 or 2 and ‘No’ if d ≥ 3.

In technical terms, we say that RW on Zd is recurrent for d = 1,2 and transient for d = 3.
Let us start with d = 1 and give several different proofs. Sometimes we leave out intuitively acceptable

gaps, that nevertheless need some justification.

Proof 1 [d = 1] Let N be the number of returns to 0, that is N =
∞

∑
k=1

1Sk=0. We make two observations

(1) Suppose α = P[N = 0] be the probability of never returning to the origin. Suppose α > 0. Then
P[N = k] = α(1−α)k. This needs a proper proof but is clear intuitively. For instance, to have
N = 1, the RW must return (probability 1−α, and then the process starts all over again, and this
renewed RW must not return (probability α), whence P[N = 1] = (1−α)α. The main point is that,
each time the RW returns to 0, the process starts all over again. Thus N has (shifted) Geometric
distribution with parameter α and we get E[N] = 1

α
−1 which is finite if α > 0.

(2) Using linearity of expectations, we can write

E[N] = E

[
∞

∑
k=1

1Sk=0

]
=

∞

∑
k=1

P[Sk = 0] =
∞

∑
k=1

(
2k
k

)
1

22k .

By Stirling’s formula, we can check that(2k
k

) 1
22k

1√
k

→ c

where c is a strictly positive constant (in fact c = π−1/2, but we don’t need that now). Since ∑1/
√

k
diverges, by comparision test, the same is true for ∑P[Sk = 0] and we get E[N] = ∞.

From these two observations, we arrive at a contradiction if we assume that α > 0. Hence we must have
α = 0, that is the probability to return is one.

Exercise: Use the same argument for d = 2 and d = 3. What do you get?
Proof 2 [d = 1] We make the following observations.

(1) If the RW starts from a point x ∈ Z and a < x < b, then with probability one the RW hits either a
or b (or both) sometime in the future. (exercise!). As a consequence, if a RW starts at x, then it has
probability at least 1/2 of hitting 0 (take a = 0 and b = 2x and use symmetry).

(2) Let the RW start at 0. Without losing generality assume that S1 = 1. Using the previous observation
(with x = 1,a = 0,b = 2), we see that with probability one the RW will hit 0 or 2 sometime in the
future. By symmetry, the probability to hit 0 is at least 1/2. If instead it hits 2, wait till it hits 0
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or 4. Again it hits 0 first with probability 1/2. If instead we end up at 4, we wait till we hit 0 or
8 and so on. Thus we get an independent sequence of events of probability 1/2 each. Hence with
probability one, one of them happens, and when it does, we have returned to the origin.

Proof 3 [d = 1] This proof can be seen as a natural outgrowth of the previous one. In the previous proof,
we used the following fact: Fix x∈Z and a > 0. If the random walk starts at a point x, then with probability
one, it will exit the interval [x−a,x+a]. Further, by symmetry the probability that the RW hits x−a before
x+a is exactly 1/2.

Here we used symmetry very strongly, which we cannot use, if we generalize the problem by letting the
interval be asymmetric about x or if the steps are ±1 with unequal probabilities p and 1− p. Let us stick
to p = 1/2 and consider the following problem.

Gambler’s ruin: Consider two gamblers A and B who start with capital a and b, respectively. They
play a sequence of games, where in each game the loser pays 1 unit of money to the winner. Ultimately
one of them goes bankrupt, and we want to find the probability that it is A who goes bankrupt.

Solution: Consider a RW started at x and stopped when it hits 0 or c = a+b (we take 0≤ x≤ c). Let

f (x) = P[RW hits 0 before c].

Then the problem is asking for f (a). We solve for it, by getting a difference equation for f . Clearly
f (0) = 1 and f (c) = 0. For 1≤ x≤ c−1, by conditioning on the first step X1, we get

f (x) = P
[
RW hits 0 before c

∣∣∣X1 = +1
]

P[X1 = +1] + P
[
RW hits 0 before c

∣∣∣X1 =−1
]

P[X1 =−1]

=
1
2

f (x+1)+
1
2

f (x−1).

This equation can be rewritten as f (x+1)− f (x) = f (x)− f (x−1). Hence, if f (1) = t, then f (1)− f (0) =
t and therefore f (2)− f (1) = t and then f (x + 1)− f (x) = t for all x ≤ c− 1. Thus f (x) = xt and then
tc = f (c) = 1, which gives t = 1/c. Thus, f (x) = x/c.

The solution to the original problem is then f (a) = a
a+b .

Now we give a proof of recurrence in Z using our solution to the gambler’s ruin problem. Start a RW at
0. Without losing generality, we may assume that S1 = +1. Then fix M, a large positive integer. Starting
from 1, by the Gambler’s ruin problem, we get

P [RW hits 0 before M] = 1− 1
M

.

Hence,

P [RW hits 0 sometime in the future ]≥ 1− 1
M

.

Since this is true for all M, letting M→ ∞, we get

P [RW hits 0 sometime in the future ] = 1.

Remark 4. In Z2,
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