THE PQ-CONDITION FOR 3-MANIFOLD GROUPS

SIDDHARTHA GADGIL

ABSTRACT. We give an elementary, topological proof of the fact that any
sugroup of order pq of a finite 3-manifold group is cyclic if p and ¢ are dis-
tinct odd primes. This condition, together with related results of Milnor and
Reidemeister, implies that such a group acts orthogonally and without fixed
points on some sphere.

Our aim here is to understand the restrictions on finite groups that are fundamen-
tal groups of 3-manifolds. Two necessary conditions are well known; namely that if
G is a such a group, then its subgroups of order 2p, for p a prime, are cyclic[2](the
2p-condition) and so are its subgroups of order p?[3][4] (the p?-condition). The
latter is equivalent to the statement that all abelian subgroups of G are cyclic. The
p?-condition for 3-manifold groups is an immediate consequence of the fact that
(Z/pZ)?* does not have a balanced presentation.

The above conditions together with the pg-condition characterise when solvable
finite groups act orthogonally on some sphere [5] with fixed points. The pg-condition
is the condition that every subgroup of order pg of G, where p and ¢ are distinct,
odd primes, is abelian (hence cyclic). Our main result is that finite fundamental
groups of 3-manifolds satisfy this condition. This was previously known, but proofs
in the literature (for example in [2]) involve using the fact that G has cohomology
with periodicity 4 together with some deep group theory to restrict the class of finite
fundamental groups, and then observing that this condition is satisfied. It seems
desirable to deduce this result using a direct topological argument, especially given
the fundamental role of this condition in characterising orthogonal free actions.
The proof given here is elementary and topological.

Theorem 0.1. Suppose the finite group G is the fundamental group of a 3-manifold
M, and p and q are distinct, odd primes. Then every subgroup of G of order pq is
cyclic.

Proof. First note that, by passing to a cover, we may assume that G itself has order
pq. We need to show that G is abelian. Suppose it is not, then by elementary group
theory, (interchanging p and ¢ if necessary) we have a short exact sequence

0—-2Z/pZ —G—7Z/qZ — 0
In particular, we have a normal subgroup isomorphic to Z/pZ. Let M, be the
Galois cover of M corresponding to this subgroup. Then (M) = Z/pZ and M,
is a homology lens space.
The group Z/qZ is the group of deck transformations acting on M,. The action
of Z, on Hy(M,) is induced by conjugation in G. Thus, to show that G is abelian,
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it suffices to show that this action is trivial. Let p : M,, — M,, denote a generator
of the group of deck transformations. First, we prove the following more general
lemma.

Lemma 0.2. Let f : M, — M, be a fized point free homeomorphism of My.
Then the map f. : Hi(Mp) — Hy(M,) is either the identity map or the involution

Y.

Proof. As in the classification of lens spaces up to homotopy equivalence, we shall
define a function ¢ : Hy(M,) — Z/pZ. This is defined as follows.
The short exact sequence of abelian groups

0—-227—7/pL—0

induces the Bockstein cohomology long-exact sequence

— HY(M,,7) — H'(M,,Z/pZ) LN H*(M,,7) — H*(M,,Z) — H*(M,,Z/pZ) —

from which we obtain the isomorphisms § : H'(M,,Z/pZ) — H*(M,,Z) and ¢ :
H2(M,,7) — H2(M,,Z/pZ).

Fixing an orientation for M,,, we define the function {. Namely, given an ele-
ment v € H*(M,,Z) = Hy(M,,Z) we define ((v) € Z/pZ by ((y) = (67 (y) U
&(7))[Hs(Mp,Z)], where [H3(Mp,Z)] is the image of the fundamental class of M,
in H3(M,,Z/pZ).

Observe that ¢(kv) = k2¢(7), since both ¢ and ¢ are homomorphisms. Further,
the fact that the cup product is a perfect pairing shows that ((y) is non-zero for a
generator v of Hq(M,). We fix such a generator 7.

Note that all our maps are natural. Further the homeomorphism takes the
fundamental class to itself since it must be orientation preserving by the Lefschetz
fixed point theorem. Thus, we have the identity ((f«(y)) = ((v)Vy € Hi(My).
Now, as f, is a homomorphism, it is of the form f, : v+ kv for some k € Z. But
the above identities show that ((vo) = ((f«(70)) = k%¢(70), hence k? = 1(mod p)
(as ((y0) # 0). Since p is a prime, k = £1(mod p), which proves the lemma. O

To prove the theorem, it suffices to show that p. : Hi(M) — Hy(M) is the
identity. By the lemma, we only have to rule out the action being an involution.
But this follows immediately as p has odd order. O

Remark 0.3. The first non-trivial application of the pg-condition is that the non-
abelian group of order 21 is not a 3-manifold group. This has also been proved by
Mennike [1] using different techniques. It is known that this group acts on higher
dimensional spheres without fixed points.
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