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Abstract

A manifold is said to be geometrically simply connected if it has a proper handle decom-
position without 1-handles. By the work of Smale, for compact manifolds of dimension at
least five, this is equivalent to simple-connectivity. We prove that there exists an obstruc-
tion to an open simply connected n-manifold of dimension n > 5 being geometrically simply
connected. In particular, for each n > 4 there exist uncountably many simply connected
n-manifolds which are not geometrically simply connected. We also prove that for n £ 4 an
n-manifold proper homotopy equivalent to a weakly geometrically simply connected polyhe-
dron is geometrically simply connected (for n = 4 it is only end compressible). We analyze
further the case n = 4 and Poénaru’s conjecture.
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end compressibility, Casson finiteness.
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Since the proof of the h-cobordism and s-cobordism theorems for manifolds whose dimension is
at least 5, a central method in topology has been to simplify handle-decompositions as much as
possible. In the case of compact manifolds, with dimension at least 5, the only obstructions to
canceling handles turn out to be well-understood algebraic obstructions, namely the fundamental
group, homology groups and the Whitehead torsion.

In particular, a compact manifold M whose dimension is at least 5 has a handle-decomposition
without 1-handles iff it is simply-connected. Here we study when open manifolds have a handle-
decomposition without 1-handles.
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In the case of 3-manifolds, there is a classical obstruction to a simply-connected open mani-
fold having a handle-decomposition without 1-handles, namely the manifold has to be simply
connected at infinity. However in higher dimensions there are several open manifolds having a
handle-decomposition without 1-handles that are not simply-connected at infinity. Thus, there
is no classical obstruction, besides the fundamental group (which is far too weak) and the ;-
stability at infinity (which is stronger), to an open manifold with dimension at least 5 having a
handle-decomposition without 1-handles. We show here that there are (algebraic) obstructions,
which can moreover be seen to be non-trivial in concrete examples.

We show that for open manifolds, there is an algebraic condition, which we call end-compressibility,
equivalent to the existence of a proper handle-decomposition without 1-handles. This is a con-
dition on the behaviour at infinity of the manifold. End-compressibility is defined in terms of
fundamental groups related to an exhaustion of the open manifold by compact submanifolds. In
some sense it is the counterpart of Siebenmann’s obstruction to finding a boundary of an open
manifold, although our requirements are considerably weaker.

End-compressibility in turn implies a series of conditions, analogous to the lower central series
(the first of which is always satisfied). Using these, we show that if W is a Whitehead-type
manifold and M a compact (simply-connected) manifold, W x M does not have a handle-
decomposition without 1-handles.

In the case of manifolds of dimension 3 and 4, even the compact case is subtle. For 3-manifolds,
the corresponding statement in the compact case is equivalent to the Poincaré conjecture, and
irreducible open simply-connected 3-manifolds have a handle-decomposition without 1-handles
iff they are simply-connected at infinity. For a compact, contractible 4-manifold M, (an exten-
sion of) an argument of Casson shows that if 71(0M) has a finite quotient, then any handle-
decomposition of M has 1-handles.

We study possible handle-decompositions of the interior of M and find a standard form for this.
As a consequence, if a certain finiteness conjecture, generalizing a classical conjecture about
links, is true, then the interior of M also has no handle-decomposition without 1-handles.

More explicitly, if all the Massey products of a link L in S3 vanish, then it is conjectured that
the link L is a sub-link of a homology boundary link. In our case, we have a link L in a
manifold K, and a degree-one map from K to M, so that the image of L in m1(90M) consists of
homotopically trivial curves. The notions of vanishing Massey products and homology boundary
links generalize to versions relative to 71 (M) in this situation. The conjecture mentioned in the
above paragraph is that links with vanishing Massey products (relative to 71 (M)) are sub-links
of homology boundary links (relative to m (M)).
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1 Statements of the results

The problem we address in this paper is whether 1-handles are necessary in a handle decom-
position of a simply connected manifold. Moreover we investigate when it is possible to kill
1-handles within the proper homotopy type of a given open manifold.

The relation between algebraic connectivity and geometric connectivity (in various forms) was
explored first by E.C. Zeeman (see [34]) in connection with the Poincaré conjecture. Zeeman’s
definition of the geometric k-connectivity of a manifold amounts to asking that any k-dimensional
compact can be engulfed in a ball. His main result was the equivalence of algebraic k-connectivity
and geometric k-connectivity for n-manifolds, under the condition & < n — 3. Notice that it
makes no difference whether one considers open and compact manifolds.

Later C.T.C. Wall ([32]) introduced another concept of geometric connectivity using handle
theory which was further developed by V. Poénaru in his work around the Poincaré conjecture.
A similar equivalence between the geometric and algebraic connectivities holds in the compact



case but this time one has to replace the previous codimension condition by k£ < n — 4. In this
respect all results in low codimension are hard results. There is also a non-compact version of
this definition which we can state precisely as follows:

Definition 1.1. A (possibly non-compact) manifold, which might have nonempty boundary, is
geometrically k-connected (abbreviated. g¢.k.c.) if there exists a proper handlebody decomposi-
tion without j-handles, for 1 < j < k.

One should emphasize that now the compact and non-compact situations are no longer the same.
The geometric connectivity is a consequence of the algebraic connectivity only under additional
hypotheses concerning the ends. The purpose of this paper is to partially characterize these
additional conditions.

Remark 1.1. Handle decomposition are known to exist for all manifolds in the topological, PL
and smooth settings, except in the case of topological 4-manifolds. In the latter case the existence
of a handlebody decomposition is equivalent to that of a PL (or smooth) structure. However
in the open case such a smooth structure always exist (in dimension 4). Although most results
below can be restated and proved for other categories, we will restrict ourselves to considering
PL manifolds and handle decompositions in the sequel.

We will be mainly concerned with geometric simple connectivity (abbreviated. g.s.c.) in the
sequel. A related concept, relevant only in the non-compact case, is:

Definition 1.2. A (possibly non-compact) polyhedron P is weakly geometrically simply con-
nected (abbreviated w.g.s.c.) if P = U352, K}, where K; C Ky C ... C K C ... is an exhaustion
by compact connected sub-polyhedra with 71 (K;) = 0. Alternatively, any compact subspace is
contained in a simply connected sub-polyhedron.

Notice that a w.g.s.c. polyhedron is simply connected.

Remark 1.2. e The w.g.s.c. spaces with which we will be concerned in the sequel are usually
manifolds. Similar definitions can be given in the case of topological (respectively smooth)
manifolds where we require the exhaustions to be by topological (respectively smooth)
submanifolds. All results below hold true for this setting too (provided handlebodies
exists) except those concerning Dehn exhaustibility, since the later is essentially a PL
concept.

e The w.g.s.c. is much more flexible than the g.s.c., the latter making sense only for mani-
folds, and enables us to work within the realm of polyhedra. However one can easily show
(see below) that w.g.s.c. and g.s.c. are equivalent for non-compact manifolds of dimen-
sion different from 4 (under the additional irreducibility assumption for dimension 3). Its
invariance under proper homotopy equivalences expresses the persistence of a geometric
property (not being g.s.c.) with respect to some higher dimensional manipulations (as
taking the product with a ball) of open manifolds.

The first result of this paper is (see Theorem and Proposition B24)):
Theorem 1.3. If an open n-manifold is w.g.s.c., then it is end compressible. Conversely, in

dimension n # 4, if an open, simply connected manifold is end compressible, then it is g.s.c.
(one has to assume irreducibility for n = 3).



Remark 1.4. A similar result holds more generally for non-compact manifolds with boundary,
with the appropriate definition of end compressibility.

End compressibility (see Definition B) is an algebraic condition which is defined in terms
of the fundamental groups of the submanifolds which form an exhaustion. Notice that end
compressibility is weaker than simple connectivity at infinity for n > 3.

Remark 1.5. The result above should be compared with Siebenmann’s obstructions to finding
a boundary for an open manifold of dimension greater than 5 (see [30] and [I2] for a thorough
discussion of this and related topics). The intermediary result permitting to kill 1-handles in this
framework is theorem 3.10 p.16 from [30]: Let W™ be an open smooth n-manifold with n > 5
and & an isolated end. Assume that the end £ has stable 7 and its 71 (&) is finitely presented.
Then there exists arbitrarily small 1-neighborhoods of £ i.e. connected submanifolds V" C W™
whose complements have compact closure, having compact connected boundary OV such that
m(E) — m (V) and 71 (0V) — m(V) are isomorphisms. It is easy to see that this implies
that the 1-neighborhood V™ is g.s.c. This is the principal step towards canceling the handles
of W™ hence obtaining a collar. One notices that the hypotheses in Siebenmann’s theorem
are stronger than the end compressibility but the conclusion is stronger too. In particular an
arbitrary w.g.s.c. manifold need not have a well-defined fundamental group at infinity, as is the
case for mi-stable ends. However we think that the relationship between the 7-(semi)stability
of ends and end compressibility would deserve further investigation.

The full power of the 7r{-stability is used to cancel more than 1-handles. Actually L. Siebenmann
considered tame ends, which means that £ is 71-stable and it has arbitrarily small neighborhoods
which are finitely dominated. The tameness condition is strong enough to insure (see theorem
4.5 of [30]) that all k-handles can be canceled for £ < n — 3. One more obstruction (the end
obstruction) is actually needed in order to be able to cancel the (n — 2)-handles (which it turns
out to imply the existence of a collar). There exist tame ends which are not collared (i.e. with
non-vanishing end obstruction), as well as m-stable ends with finitely presented 71 (€) which
are not tame. Thus the obstructions for killing properly the handles of index 1 < A < k should
be weaker than the tameness of the end for £ < n — 3 and must coincide with Siebenmann’s for
k=n-—2.

Remark 1.6. Tt might be worthy to compare our approach with the results from [12]. First the
w.g.s.c. is the analogue of the reverse collaring. According to ([12], Prop.8.5, p.93) a space W
is reverse collared if it has an exhaustion by compacts K; for which the inclusions K; — W are
homotopy equivalences (while the w.g.s.c. asks only that these inclusions be 1-connected), and
hence a simply connected reverse collared space is w.g.s.c.

The right extension of the w.g.s.c. to non-simply connected spaces, which is suitable for ap-
plications to 3-manifolds, is the Tucker property (see [3, [20]), which is also a proper homotopy
invariant and can be formulated as a group theoretical property for coverings. This is again
weaker than the reverse tameness/collaring (see [I2], Prop.8.9 and Prop.11.13). Moreover there
is a big difference between the extended theory and the present one: while the w.g.s.c. is the
property of having no extra 1-handles, the Tucker property expresses the fact that some handle-
body decomposition needs only finitely many 1-handles, without any control on their number.

In this respect our first result is a sharpening of the theory of reverse collared manifolds specific



to the realm of simply connected spaces.

The g.s.c. is mostly interesting in low dimensions, for instance in dimension 3 where it implies the
simple connectivity at infinity. However its importance relies on its proper homotopy invariance,
which has been discovered in a particular form by V. Poénaru (see also [7, K]), enabling us to
transform the low dimensional problem ”is W3 g.s.c.?” into a high dimensional one, for example
"is W3 x D™ w.g.s.c.?”. We provide in this paper a criterion permitting to check the answer to
the high dimensional question, in terms of an arbitrary exhaustion by compact submanifolds.
This criterion is expressed algebraically as the end compressibility of the manifold and is closer
to the forward tameness from [I2], rather than the reverse tameness.

Remark 1.7. If W* is compact and simply-connected then the product W* x D™ with a closed
n-disk is g.s.c. if n 4+ k > 5. However there exist non-compact n-manifolds with boundary
which are simply connected but not end compressible (hence not w.g.s.c.) in any dimension n,
for instance W3 x M™ where 7{°W? # 0. Notice that W* x int(D") is g.s.c. for n > 1 since
(W x int(D")) = 0.

We will also prove (see Theorem E.H]):

Theorem 1.8. There exist uncountably many open contractible n-manifolds for any n > 4 which
are not w.g.s.c.

The original motivation for this paper was to try to kill 1-handles of open 3-manifolds at least
stably (i.e. after stabilizing the 3-manifold). The meaning of the word stably in [23], where
such results first arose, is to do so at the expense of taking products with some high dimensional
compact ball. This was extended in [7, §] by allowing the 3-manifold to be replaced by any other
polyhedron having the same proper homotopy type. The analogous result is true for n > 5 (for
n = 4 only a weaker statement holds true (see Theorem BE.2)):

Theorem 1.9. If a non-compact manifold of dimension n # 4 is proper homotopically dominated
by a w.g.s.c. polyhedron, then it is w.g.s.c. A mnon-compact 4-manifold proper homotopically
dominated by a w.g.s.c. polyhedron is end compressible.

Since proper homotopy equivalence implies proper homotopy domination we obtain:

Corollary 1.10. If a non-compact manifold of dimension n # 4 is proper homotopy equivalent
to a w.g.s.c. polyhedron, then it is w.g.s.c.

Remark 1.11. This criterion is an essential ingredient in Poénaru’s proof (see [25]) of the covering
space conjecture: If M3 is a closed, irreducible, aspherical 3-manifold, then the universal covering
space of M3 is R3. Further developments suggest a similar result in higher dimensions, by
replacing the simple connectivity at infinity conclusion with the weaker w.g.s.c. We will state
below a group-theoretical conjecture abstracting this purely 3-dimensional result.

It is very probable that there exist examples of open 4-manifolds which are not w.g.s.c., but
their products with a closed ball are w.g.s.c. Thus in some sense the previous result is sharp.

The dimension 4 deserves special attention also because one expects that the w.g.s.c. and the
g.s.c. are not equivalent. Specifically V. Poénaru conjectured that:



Conjecture 1.12 (Poénaru Conjecture). If the interior of a compact contractible 4-manifold
with boundary a homology sphere is g.s.c. then the compact 4-manifold is also g.s.c.

Remark 1.13. e A consequence of this conjecture, for the particular case of the product of
a homotopy 3-disk A® with an interval, is the Poincaré conjecture in dimension 3. This
follows from the two results announced by V. Poénaru:

Theorem: If ¥3 is a homotopy 3-sphere such that X3 x [0,1] is g.s.c. then X3 is g.s.c.
(hence standard).

Theorem: If A is a homotopy 3-disk then int(A? x [0, 1]#.,5% x D?) is g.s.c., where 4
denotes the boundary connected sum.

e The differentiable Poincaré conjecture in dimension 4 is widely believed to be false. One
reasonable reformulation of it would be the following: A smooth homotopy 4-sphere (equiv-
alently, homeomorphic to S*) that is g.s.c. should be diffeomorphic to S*.

e The two conjectures above (Poénaru’s and the reformulated Poincaré) conjectures im-
ply also the smooth Schoenflies conjecture in dimension 4, which states that a 3-sphere
smoothly embedded in S* bounds a smoothly embedded 4-ball. In fact by a celebrated
result of B. Mazur any such Schoenflies ball has its interior diffeomorphic to R?, hence
g.s.c.

An immediate corollary would be that the interior of a Poénaru-Mazur 4-manifold may be w.g.s.c.
but not g.s.c., because some (compact) Poénaru-Mazur 4-manifolds are known to be not g.s.c.
(the geometrization conjecture implies this statement for all 4-manifolds whose boundary is not
a homotopy sphere). The proof is due to A. Casson and it was based on partial positive solutions
to the following algebraic conjecture [I3), p.117] and [16, p.403].

Conjecture 1.14 (Kervaire Conjecture). Suppose one adds an equal number of generators
ai, ..., and relations ri,...,T, to a non-trivial group G, then the group H that one

obtains is also non-trivial.

A. Casson showed that certain 4-manifolds (W#, 9W*) have no handle decompositions without
I-handles by showing that if they did, then w1 (dW?) violates the Kervaire conjecture. Our aim
would be to show that most contractible 4-manifolds are not g.s.c., and the method of the proof
is to reduce this statement to the compact case. However our methods permit us to obtain only
a weaker result, in which one shows that the interior of such a manifold cannot have handlebody
decompositions without 1-handles, if the decomposition has also some additional properties (see
Theorems [[.TT] and for precise statements):

Theorem 1.15. Assume that we have a proper handlebody decomposition without 1-handles
for the interior of a Poénaru-Mazur 4-manifold. If there exists a far away intermediary level
3-manifold M? whose homology is represented by disjoint embedded surfaces and whose fun-
damental group projects to the trivial group on the boundary, then the compact 4-manifold is
also g.s.c. There always exists a collection of immersed surfaces, which might have non-trivial
intersections and self-intersections along homologically trivial curves, that fulfills the previous
requirements.



Remark 1.16. Almost all of this paper deals with geometric 1-connectivity. However the results
can be reformulated for higher geometric connectivities within the same range of codimensions.

We wish to emphasize that there is a strong group theoretical flavour in the w.g.s.c. for universal
covering spaces. In this respect the universal covering conjecture in dimension three (see [25])
would be a first step in a more general program. Let us define a finitely presented, infinite
group I' to be w.g.s.c. if there exists a compact polyhedron with fundamental group I' whose
universal covering space is w.g.s.c. It is not hard to show that this definition does not depend
on the particular polyhedron one chooses but only on the group. This is part of a more general
philosophy, due to M. Gromov, in which infinite groups are considered as geometric objects.
This agrees with the idea that killing 1-handles of manifolds is a group theoretical problem in
topological disguise. The authors think that the following might well be true:

Conjecture 1.17. Fundamental groups of closed aspherical manifolds are w.g.s.c.

This will be a far reaching generalization of the three dimensional result announced by V. Poénaru

n [25]. It is worthy to note that all reasonable examples of groups (e.g. word hyperbolic, semi-
hyperbolic, CAT(0), group extensions, one relator groups) are w.g.s.c. It would be interesting to
find an example of a finitely presented group which fails to be w.g.s.c. Notice that the well-known
examples of M. Davis of Coxeter groups which are fundamental groups of aspherical manifolds
whose universal covering spaces are not simply connected at infinity are actually CAT'(0) hence
w.g.s.c. However one might expect a direct connection between the semi-stability of finitely
presented groups, the quasi-simple filtrated groups (see [2]) and the w.g.s.c. We will address
these questions in a future paper.

Outline of the paper

In section 2, we compare w.g.s.c., g.s.c and the simple connectivity at infinity (s.c.i.), show-
ing that w.g.s.c and g.s.c. are equivalent in high dimensions and presenting some motivating
examples.

Section 3 contains the core of the paper, where we introduce the algebraic conditions and prove
their relation to w.g.s.c. We then construct uncountably many Whitehead-type manifolds in
section 4, and show that there are uncountably many manifolds that are not geometrically
simply-connected.

In section 5, we show that end-compressibility is a proper-homotopy invariant. Finally, in
sections 6 and 7, we turn to the 4-dimensional case.
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2 On the g.s.c.

2.1 Killing 1-handles of 3-manifolds after stabilization

We start with some motivating remarks about the compact 3-dimensional situation, for the sake
of comparison.

Definition 2.1. The geometric 1-defect e(M™) of the compact manifold M™ is e(M™) = u (M™)—
rank 71 (M), where p1 (M™) is the minimal number of 1-handles in a handlebody decomposition
and rank 71 (M) is the minimal number of generators of 71 (M).

Remark 2.1. The defect (i.e., the geometric 1-defect) is always non-negative. There exist ex-
amples (see H]) of 3-manifolds M3 with rank 71(M?3) = 2 and defect ¢(M?3) = 1. No examples
of 3-manifolds with larger defect, nor of closed 4-manifolds with positive defect are presently
known. However it’s probably true that e(M3 x [0,1]) = 0, for all closed 3-manifolds though
this might be difficult to settle even for the explicit examples of M. Boileau and H. Zieschang.

The defect is meaningless in high dimensions because of:
Proposition 2.2. For a compact manifold e(M™) = 0 holds, if n > 5.

Proof. The proof is standard. Consider a 2-complex K? associated to a presentation of 7y (M™)
with the minimal number r of generators. By general position there exists an embedding K? <
M™ inducing an isomorphism of fundamental groups. Then a regular neighborhood of K2 in
M™ has a handlebody decomposition with r 1-handles. Since the complement is 1-connected
then by ([B2, 27]) it is g.s.c. for n > 5 and this yields the claim. O

Corollary 2.3. For a closed 3-manifold M3 one has (M3 x D?) = 0.

Remark 2.4. As a consequence if ¥3 is a homotopy 3-sphere then %3 x D? is g.s.c. Results
of Mazur ([I8], improved by Milnor in dimension 3) show that X3 x D3 = $% x D3, but it
is still unknown whether 32 x D? = §3 x D? holds. An earlier result of Poénaru states that
(23 —nD?) x D? = (8% —nD?) x D? for some n > 1. More recently, Poénaru’s program reduced
the Poincaré Conjecture to the g.s.c. of ¥3 x [0, 1].

2.2 7 and g.s.c.

The remarks which follow are intended to (partially) clarify the relation between g.s.c. and the
simple connectivity at infinity (which will be abbreviated as s.c.i. in the sequel), in general.

Recall that a space X is s.c.i. (and one also writes 77°(X) = 0) if for any compact K C X
there exists a larger compact K C L C X having the property that, any loop | C X — L is null
homotopic within X — K. This is an important tameness condition for the ends of the space.
The following result was proved in ([26], Thm. 1):

Proposition 2.5. Let W™ be an open simply connected n-manifold of dimension n > 5. If
T (W™) =0 then W" is g.s.c.



Remark 2.6. The converse fails as the following examples show. Namely, for any n > 5 there
exist open n-manifolds W" which are geometrically (n — 4)-connected but 7$°(W™) # 0.

There exist compact contractible n-manifolds M™ with 71 (OM™) # 0, for any n > 4 (see
[T, 210, [T0] ). Since k-connected compact n-manifolds are geometrically k-connected if k < n—4
(see [27, 32]), these manifolds are geometrically (n — 4)-connected. Let us consider now W" =
int(M"), which is diffeomorphic to M™ Ugpsnagprnx {0y OM™ x [0,1). Any Morse function on M™
extends over int(M™) to a proper one which has no critical points in the open collar OM™ x [0, 1),
hence int(M™) is also geometrically (n — 4)-connected. On the other hand m (9M™) # 0 implies
72 (W) £ 0,

However the following partial converse holds:

Proposition 2.7. Let W™ be a non-compact simply connected n-manifold which has a proper
handlebody decomposition

1. without 1— or (n — 2)—handles, or
2. without (n — 1)— or (n — 2)—handles.
Then ©3°(W™) = 0.
Remark 2.8. When n = 3 this simply says that 1-handles are necessary unless m5°(W?3) = 0.

Proof of Proposition[Z.} Consider the handlebody decomposition W™ = B" U 24 hz-j, where h;-j

is an 4;-handle (B" = hJ). Set X,,, = B" Ui, h;-j, for m > 0. Assume that this decomposition
has no 1— nor (n — 2)—handles. Since there are no 1-handles it follows that 71(X;) = 0 for any
j (it is only here one uses the g.s.c.).

Lemma 2.9. If X™ is a compact simply connected n-manifold having a handlebody decomposition
without (n — 2)—handles then 7 (0X™) = 0.

Proof. Reversing the handlebody decomposition of X™ one finds a decomposition from 0X™
without 2-handles. One slides the handles to be attached in increasing order of their indices.
Using Van Kampen Theorem it follows that m (X™) = m1(0X") = F(r), where r is the number
of 1-handles, and thus 71 (0X™) = 0. O

Lemma 2.10. If the compact submanifolds ... C X, C Xme1 C ... exhausting the simply
connected manifold W satisfy m(0Xy,) =0, for all m, then 73°(W™) = 0.

Proof. For n = 3 this is clear. Thus we suppose n > 4. For any compact K C W™ choose some
X,, O K such that 0X,, N K = (. Consider a loop | C W" — X,,,. Then [ bounds an immersed
(for n > 5 embedded) 2-disk 62 in W". We can assume that §2 is transversal to 9X,,. Thus it
intersects 0X,, along a collection of circles Iy, ...,l, C 0X,,. Since m1(0X,,) = 0 one is able to
cap off the loops [; by some immersed 2-disks d; C 0X,,. Excising the subsurface 5% N X, and
replacing it by the disks ; one obtains an immersed 2-disk bounding [ in W" — K. U
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This proves the first case of the Proposition X7l In order to prove the second case choose some
connected compact subset K C W"™. By compactness there exists k£ such that K C Xj. Let r
be large enough (this exists by the properness) such that any handle h;” whose attaching zone
touches the lateral surface of one of the handles h’f, h?, v Zk satisfies p < r. The following

claim will prove the Proposition 2
Proposition 2.11. Any loop | in W™ — X,. is null-homotopic in W" — K.

Proof. Actually the following more general engulfing result holds:

Proposition 2.12. If C? is a 2-dimensional polyhedron whose boundary 0C? is contained in
W™ — X, then there exists an isotopy of W™ (with compact support), fizing OC? and moving C?
ito W" — K.

Proof. Suppose that C? C X,,,. One reverses the handlebody decomposition of X,,, and obtains
a decomposition from 0X,, without 1- or 2-handles. Assume that we can move C? such that it
misses the last j < r — 1 handles. By general position there exists an isotopy (fixing the last j
handles) making C? disjoint of the co-core ball of the (j — 1)-th handle, since the co-core disk
has dimension at most n — 3. The uniqueness of the regular neighborhood implies that we can
move C2 out of the (j — 1)-th handle (see e.g. [29]), by an isotopy which is identity on the last
j handles. This proves the Proposition EZT2) O

This yields the result of Proposition EZTIl by taking for C? any 2-disk parameterizing a null
homotopy of I. O

2.3 G.s.c. and w.g.s.c.

Proposition 2.13. The non-compact manifold W™ (n # 4), which one supposes to be irreducible
if n =3, is w.g.s.c. if and only if it is g.s.c.

Proof. For n = 3 it is well-known that g.s.c. is equivalent to w.g.s.c. which is also equivalent to
s.c.i. if the manifold is irreducible. For n > 5 this is a consequence of Wall’s result stating the
equivalence of g.s.c. and simple connectivity in the compact case (see [32]). If W" is w.g.s.c.
then it has an exhaustion by compact simply connected sub-manifolds M; (by taking suitable
regular neighborhoods of the polyhedra). One can also refine the exhaustion such that the
boundaries are disjoint. Then the pairs (cl(M;y1 — M;),0M; ) are 1-connected, hence ([32])
they have a handlebody decomposition without 1-handles. Gluing together these intermediary
decompositions we obtain a proper handlebody decomposition as claimed. O

3 W.g.s.c. and end compressibility

In this section, we show that w.g.s.c. is equivalent to an algebraic condition which we call
end compressibility. This in turn implies infinitely many conditions, end k-compressibility for
ordinals k, and is equivalent to all these plus a finiteness condition.

Using the above, we give explicit examples of open manifolds that are not w.g.s.c.

11



3.1 Algebraic preliminaries

In this section we introduce various algebraic notions of compressibility and study the relations
between these. This will be applied in a topological context in subsequent sections, where
compressibility corresponds to being able to attach enough two handles, and stable-compressibility
refers to the same after possibly attaching some 1-handles.

Definition 3.1. A pair (¢ : A — B, ¢ : A — C) of group morphisms is strongly compressible
if p(ker 1) = p(A).

Remark 3.1. Strong compressibility is symmetric in the arguments (¢, 1) i.e. p(kerv) = ¢(A)
is equivalent to 1 (ker ¢) = 1)(A). The proof is an elementary diagram chase.

Definition 3.2. A pair (p: A — B, ¢ : A — C) of group morphisms, is stably compressible if
there exists some free group F(r) on finitely many generators, and a morphism 3 : F(r) — C,
such that the pair (o *1g(y : AxF(r) — B*F(r), ¥*8: AxF(r) — C) is strongly compressible.

We shall see that stable-incompressibility implies infinitely many conditions, indexed by the
ordinals, on the pair of morphisms. We first define a series of groups (analogous to the lower
central series).

Definition 3.3. Consider a fixed pair (¢ : A — B, ¥ : A — C) of group morphisms. We define
inductively a subgroup G, C C for any ordinal a. Set Gg = C. If G, is defined for every o < (3
(i.e. 4 is a limit ordinal) then set Gz = Na<gGaq. Further set Goir1 = N (Y(ker @), G, ) <G, for
any other ordinal, where N'(K,G) is the smallest normal group containing K in G.

The groups G, form a decreasing sequence of subgroups of C'. Using Zorn’s lemma there exists
an infimum of the lattice of groups G, ordered by the inclusion, which we denote by G, = Ny Ge
(over all ordinals «).

Definition 3.4. The pair (p: A — B,9 : A — () is said to be a-compressible if (A) C G,
(where « is an ordinal or co).

Lemma 3.2. Given a subgroup L C C' there exists a maximal subgroup I' = T'(L,C) of C so
that L c N(L,T') =T.

Proof. There exists at least one group I, for instance I' = L. Further if I' and I" verify the
condition N'(L,T') =T, then their product I'T" does. Thus, Zorn’s Lemma says that a maximal
element for the lattice of subgroups verifying this property (the order relation is the inclusion)
exists. U

Lemma 3.3. We have I'(L,C) = G, where L = 1(ker ¢).

Proof. First, G, satisfies the condition N (L,T") = I" otherwise the minimality will be contra-
dicted. Pick an arbitrary I' satisfying this condition. If ' C G, it follows that I' = N'(L,T') C
N(L,G,) = Gat1, hence by a transfinite induction we derive our claim. O

Definition 3.5. One says that K is full in T" if N(K,T) =T. If we have a pair and 1 (ker ) is
full in I, then we call I' admissible.

12



Remark 3.4. If T' is admissible then ¥(ker ¢) C G, since G, is the largest group with this
property.

Proposition 3.5. If the pair (¢ : A — B, ¢ : A — C), where A, B and C are finitely generated
and p(A) is finitely presented is stably compressible then it is co-compressible and there exists a
subgroup I' C G C C which is normally finitely generated within C and such that ¥ (ker ¢) is
full in T.

Conversely, if the pair (¢ : A — B, ¢ : A — C) is co-compressible and there exists a finitely
generated subgroup I' C Goo such that (ker @) is full in T', then the pair is stably compressible.

Proof. We set K = ker ¢ in the sequel. We establish first:

Lemma 3.6. If the pair (p : A — B, ¢ : A — C) is stably compressible then it is oo-
compressible.

Proof. We will use a transfinite recurrence with the inductive steps provided by the next two
lemmas. Set 3 : F(r) — C for the morphism making the pair (1,1 %) strongly compressible.

Lemma 3.7. If 3(F(r)) C G; and ¥(A) C G; then (A) C Giq1.

Proof. By hypothesis ¢ * 1(ker¢ « 3) D ¢ x 1(A « F(r)). Alternatively, for any b € ¢(A) C
B C B x F(r) there exists some x € A x F(r) such that ¢ x 1(z) = b and ¢ * B(x) = 1. One
can write uniquely x in normal form (see [I5], Thm.1.2., p.175) as = = aj fiaa fa...Gp, frn, Where
a; € A, f; € F(r) are non-trivial (except maybe f,,). Then px1(z) = ¢(a1) fie(a2) fa...o(am) fm-

Since the normal form is unique in B *F(r) one derives that  has the following property. There
exists a sequence pg =1 < p; < ... < p; < m of integers for which

p(ap;) =bj #1 € B, where biby...b; =,

(10((1/,7) = 17 for all j ¢ {p(]?pl?""pl}?

and
Iojfpj+1---fp, -1 =1, (for all j, with the convention p;11 = m).

Furthermore 1 = v % §(z) implies that (recall that K = ker ¢)
1 € Y(a K)B(f)Y(K)B(f2)d(K)...

5(fp1—1)w(ap1K)ﬁ(fP1)w(K)ﬁ(fpl-i-l)w(K)B(fm)

However each partial product starting at the p;-th term and ending at the (pj;1 — 1)-th term is
a product of conjugates of )(K) by elements from the image of 3:

B(fpj)w(K)ﬂ(fpj-i-l)w(K)"'w(K)ﬂ(fij—1) =

pj+1—p;—1 i i -1
I (5 (H fpj+k> Y(K)B (H fpﬁk) C N(W(K),Gy) = Gy
=0 k=0 k=0
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We used above the inclusions ¢(K) C ¥(A) C G; and B(F(r)) C G;. Therefore
1 € P(a1 K)Git1¥p(ap, K)Git1...9(ap K)Git1 =

= Y(aK)Git1,
for any a € A such that ¢(a) = b. This implies that ¢(aK) C G;41 and hence (A) C Gi11. O

Lemma 3.8. If 3(F(r)) C Gij—1 and (A) C G; then B(F(r)) C G;.

Proof. One can use the symmetry of the algebraic compressibility and then the argument from
the previous lemma. Alternatively, choose f € F(r) C B « F(r) and some z € A % F(r) such
that ¢ * 1(z) = f and ¢ % 8(x) = 1. Using the normal form as above we find this time

1€ B(f)IN(W(K),Gi—1) hence 3(F(r)) C G;. O
Using in an alternate way the two previous lemmas one gets lemma O

Lemma 3.9. Let 5 : F(r) — C be a homomorphism such that (¢ * 1, ¢ 3) is strongly com-
pressible. Set B(F(r)) = H. Then ¢(K) is full in Y(K)H. In particular if A, B,C are finitely
generated and p(A) is finitely presented then the subgroup T' = ¢(K)H is finitely generated.

Proof. We already saw that H C Goo. Set W(L; X) = {z | z = [[; girig; ', ¢i € X, ,x; € L}
for two subgroups L, X C C. The proof we used to show that ¥)(A) C G and H C G
actually yields ¢(A) € W(¢(K), H) and respectively H C W (¢(K), H). We remark now that
W((K),H) =N (K),»(K)H). The left inclusion is obvious. The other inclusion consists in
writing any element grg~! with g € ¥(K)H, x € ¢(K) as a product of conjugates by elements
of H. This might be done by recurrence on the length of g, by using the following trick. If
g = y1a1ypas, a; € Y(K),y; € H then grg™ = y1(ary2ay ") (aragzay 'ay M aryzar 'yt

Consequently the fact that H C W(y(K), H) implies
W((K), H) ¢ W((K), W ((K), H)) = N((K), N((K), p(K)H)) C

CN@W(K), p(K)H) = W ((K), H),

hence all inclusions are equalities. Also (K)H C N(¢(K),y(K)H) since both components
(K) and H are contained in N (¢(K),(K)H). This shows that N'(¢(K),Y(K)H) = ¢(K)H
hence ¢ (K) is full in ¢(K)H

We take therefore I' = ¢(K)H. It suffices to show now that each of the groups K and H
are finitely generated. H is finitely generated since it is the image of F(r). Furthermore K
is finitely generated since A/K = ¢(A) is finitely presented and A is finitely generated. The
theorem of Neumann ([T, p.52) shows that K must be normally finitely generated. This proves
the claim. O

Lemma 3.10. Assume that ¢¥(K) is full in T' C Go, where T is finitely generated. If the pair
(p, 1)) is co-compressible then it is stably compressible.
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Proof. Consider r big enough and a surjective homomorphism (: F(r) — I'. This implies that
Yx B(A*xF(r)) = (K)I' =T. We have to show that any = € I is in ¢ * S(ker ¢ x 1).

Recall that N (¢(K),T) =T. Set 92 = gzg~'. Then z = [[, Yx; can be written as a product
of conjugates of elements x; € 1)(K) by elements g; € I. Choose f; € F(r) so that 5(f;) = g; and
yi € K so that ¢(y;) = z;. Then =BT, f; i fi) = x and @* L([T, f; 'wifi) = [T fi e (i) fi
1, since y; € K.

o o

Then the proposition follows.

3.2 End compressible manifolds

Definition 3.6. The pair of spaces (T7,T) is strongly compressible (respectively stably com-
pressible) if for each component S; of 9T one chooses a component V; of 77 — int(7') such that
S; C Vj so that the pair (x;m1(S;) — m(T), *jm1(S;) — *;m1(V})) is strongly compressible
(respectively stably compressible). The morphisms are induced by the obvious inclusions. Simi-
larly, the pair of spaces (T”,T) is said to be a-compressible if the pair of morphisms from above
is a- compressible. Set also G (T, T") for the G group associated to this pair of morphisms.

Remark 3.11. These morphisms are not uniquely defined and depend on the various choices of
base points in each component. However the compressibility does not depend on the particular
choice of the representative.

Definition 3.7. The open manifold W™ is end compressible (respectively end k-compressible)
if every exhaustion of W™ by compact submanifolds 77", such that m1(0T)") — m (1)) is a
surjection, has a refinement

o0
wr =17, T cint(Thy),
i=1
such that:

1. all pairs ( 711, T*) are stably-compressible (respectively k-compressible).

2. if SZ]-_l denote the components of 97" then the homomorphism *; : wl(Sij_l) — m (1))
induced by the inclusion is surjective.

3. any component of T | — int(7}") intersect 7" along precisely one component.

Remark 3.12. As in the case of the compressibility the condition 2 above is independent of the
homomorphism we chose, which might depend on the base points in each component.

Remark 3.13. e One can ask that each connected component of T} ; — int(7}") has exactly
one boundary component from 07}". By adding to an arbitrary given T}" the regular neigh-
borhoods of arcs in T} ; — int(7}") joining different connected component this condition
will be fulfilled.

e Any simply-connected manifold W of dimension at least 5 has an exhaustion by 7;* that
have the property that the natural maps 71 (01}") — m1(1}") are surjective for all i. A proof
will be given in the next section (see lemmas and B2¥)). Thus the above condition is
never vacuous.
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We shall henceforth assume that exhaustions have the property that the natural maps m; (97}") —
m1(T]") are surjective for all 7.

Remark 3.14. The condition that the pair (77}, T}") is stably-compressible is implied by (and
later it will be proved that it is equivalent to) the pair of conditions

1. (T{,,1}") is co-compressible
2. There exists an admissible subgroup I'; of Goo (T}, T}, ) which is finitely presented.

Theorem 3.15. Any w.g.s.c. open n-manifold W™ is end compressible. Conversely, for n # 4,
W™ is end compressible if and only if it is w.g.s.c.

Remark 3.16. Notice that the end compressibility of W32 implies that of W2 x D?. As a con-
sequence of this result for n > 5 we will derive that W2 x D? is w.g.s.c. and the invariance of
the w.g.s.c. under proper homotopies (see theorem [.2) will imply the result of the theorem for
n = 3. We will restrict then for the proof to n > 5.

Remark 3.17. It is an important issue to know whether the stable-compressibility of one partic-
ular exhaustion implies the stable-compressibility of some refinement of any exhaustion. This is
a corollary of our theorem and proposition In fact if W™ is as above then W™ x D*
has one stably-compressible exhaustion. Take n + k > 5 to insure that W* x 