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Summary

We consider an enhancement of the Credit Risk+ model to incorporate
correlations between sectors. This is a generalization of the compound
gamma model proposed by Giese (2003) where correlations between the
sector default rates are assumed to arise from a single risk factor. This
in effect puts a uniform covariance between the sector default rates re-
sulting in a distortion of the concentration effects in the portfolio. We
model the sector default rates as linear combinations of a common set
of uncorrelated variables that represent macroeconomic variables or risk
factors. We also derive the formula for exact VaR contributions at the
obligor level.

Keywords: Credit Risk+, compound gamma distribution, Value at Risk, risk contribution,
correlation, portfolio loss distribution, moment generating function
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Introduction
Since its introduction in 1997, the Credit Risk+ (CR+) model [Credit Suisse Financial
Products (CSFP) (1997)] has become one of the most widely used credit portfolio models.
The main advantage of this model is that the portfolio loss distribution can be computed
analytically without having to rely on Monte Carlo simulations. The loss distribution in the
original CR+ model was computed using a recursion scheme due to Panjer (1992). Gordy
(2002) showed that this method was numerically unstable for large portfolios. Further,
it is difficult to extend this method to more complex models. Giese (2003) provided a
breakthrough by suggesting a method for evaluating the loss distribution that used recursive
computation of exponential and logarithmic polynomials. This computation scheme allows
us to evaluate the portfolio loss distribution for a wider range of risk factor distributions.

The standard CR+ model apportions the risk of each individual obligor to different sectors
which can be thought of as industry sectors. The sector default rates are assumed to
be uncorrelated. Correlations in the default rate of obligors arise due to their common
dependence one or more of the sector default rates. Burgisser (1999) was the first to
introduce correlations among the sector default rates. This was done by adjusting the
portfolio default rate standard deviation to account for the sector correlations and then
carrying out a single sector analysis. It was shown in Giese (2003) that the Burgisser model
cannot adequately capture concentration risk arising from sectors with large exposures and
large factor variance. In Giese (2003) correlation is induced among the sectors via a single
variable that follows a compound gamma distribution. This introduces a uniform level of
covariance between the sector default rates. While the compound gamma model performs
better than the Burgisser (1999) model, it distorts concentration risks by enhancing low
levels of correlations and suppressing higher levels of correlations. Further, estimation of
this uniform covariance from the more complex set of observed sector default rate covariance
matrix can lead to inconsistencies [Giese (2003)].

We generalize the compound gamma model to address the problems mentioned above. In
Giese (2003), the sectors are identified with systematic risk factors that represent (forecasts
on) macroeconomic factors. We build our model by separating the two notions of (industry)
sectors and (macroeconomic) risk factors. The sectors in our model refer to industry sectors
or countries (economies) as in the original CR+ model. This allows for the presence of a
specific sector as in CSFP (1997), to account for risks that are peculiar to each obligor. The
sector default rates, in turn, are assumed to depend on risk factors that can be thought of
as macroeconomic factors or factors that explain the default rates. We refer to this model
as the two-stage CR+ model. In practice, one could start out by identifying the macroeco-
nomic factors that influence default rates and perform a principle component analysis on
these factors to obtain uncorrelated macroeconomic factors. A factor analysis can then be
performed on the residuals obtained from a regression of the sector default rates on the
macroeconomic principle components to obtain the remaining factors. This allows us to
explain the diverse empirically observed correlations in a natural way while keeping the
analysis tractable. For the test portfolio used in Giese (2003), we compare the two-stage
model with the standard CR+ and the compound gamma model.
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Giese (2003) generalised a result by Haaf and Tasche (2002) on the risk adjusted breakdown
of portfoilo VaR to obligor level. We extend this result to the two stage model. It is
shown in Giese (2003) that approximate risk contributions computed using the variance
breakdown technique or the saddlepoint method can deviate significantly from the exact
results. In Giese (2003), the diverse set of inter sector covariances is reduced to one single
covariance which is then taken as the common inter sector covariance. This suppresses
the concentration risk in some sectors while introducing spurious concentration risks in
others. The compound gamma model results in a loss distribution with fatter tails as
compared to the single factor model [Burgisser (1999)]. In spite of this, the averaging of
inter sector covariances results in lower tail probabilities than the two-stage model. Thus
overall concentration risks are also understated in the compound gamma model.

The Standard CR+ Model
We describe briefly the standard CR+ framework. The notations used are the same as in
Giese (2003). A suitable basic unit of currency �L is chosen. The adjusted exposure of
each obligor EA is replaced by νA = �EA/�L� where �·� denotes the integer part of a real
number. The exposures in the portfolio are thus mapped to a smaller number of exposure
bands. This vastly reduces the computational complexity of the model. For each obligor,
we require an estimate of the average default probability pA for the time horizon considered
(typically one year). Default of obligor A is described by a random variable NA that can
take on integer values. The total loss of a portfoilo of obligors is therefore represented by
the integer random variable

L =
∑
A

νA NA.

The portfolio loss distribution is calculated from the probability generating function (pgf)
of the loss distribution which is given by

G(z) =
∞∑

n=0

P (L = n) zn.

Here |z| < R is a formal variable within the radius of convergernce, R ≥ 1, and P (L = n) is
the probability of L being equal to n. The risk of each obligor is apportioned among a set
of K sectors (industry) by choosing numbers gA

k such that
∑K

k=1 gA
k = 1. The default rate

of each sector is represented by the non-negative variables γk that satisfy

E(γk) = 1, k = 1, ....,K, (1)

with covariance matrix
Cov(γk, γl) = σkl. (2)

The CR+ framework assumes that the default rates of the obligors depend on the sector
default rates via the linear relationship

pA(γ) = pA

K∑
k=1

gA
k γk, (3)
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where pA(γ) is the default rate of obligor A conditional on the sector default rates γ =
(γ1, . . . , γK).

Conditional on γ the default variables NA are assumed as independent and Poisson dis-
tributed with intensity pA(γ). Under these assumptions the conditional pgf of the portfolio
loss can be easily calculated as

Gγ(z) = exp(
K∑

k=1

γk Pk(z)), (4)

where
Pk(z) =

∑
A

gA
k pA(zνA − 1). (5)

Default correlation between obligors arise only through their dependence on the common
set of sector default rates. We get the unconditional pgf of the loss distribution by averaging
Gγ(z) over the distribution of the sector default rates.

G(z) = Eγ(exp(
K∑

k=1

γk Pk(z))) = Mγ(T = P (z)) (6)

where T is the vector with the k−th component as tk and P (z) is the vector with the
k−th component as Pk(z). Here Mγ(T ) is the moment generating function (mgf) of the
multivariate factor distribution. In other words, the pgf of the loss distribution is the mgf
of the risk factor distribution, evaluated at the particular point T = P (z).

In the standard CR+ model, risk factors are assumed to be independent and gamma dis-
tributed (σkl = 0, for all k �= l) . Since the mgf of the univariate gamma distribution with

mean 1 and variance σkk is (1 − σkktk)
− 1

σkk , the pgf of the loss distribution can be written
as

GCR+(z) = exp

(
−

K∑
k=1

1
σkk

log(1 − σkkPk(z))

)
(7)

The above expression involves the logarithm and exponential functions. Giese (2003) pro-
vided a numerically stable and fast recursion scheme for obtaining a polynomial approxi-
mation of the logarithm and exponential of polynomials. This allows for computation of
the loss distribution accurately even for very large portfolios.

The Compound Gamma CR+ Model
We now describe the compound gamma model of Giese (2003). In this model correlations are
introduced between the variables γk via a common scaling factor S as follows: Conditional
on S, each γk is independently gamma distributed with shape parameter

α̂k(S) = Sαk, αk > 0,

and constant scale parameter βk. The common scaling factor S is itself modelled as gamma
distributed with α = 1

σ̂2 and β = σ̂2, such that E[S] = 1 and V ar(S) = σ̂2. Under these
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assumptions, it follows that Eγk = αkβk, which togather with the normalising condition (1)
yields αk = β−1

k . The cross sector correlations σkl = δklβk + σ̂2, where δkl is the Kronecker’s
delta. Thus, there is a uniform level of cross covariance σ̂2 imposed between all the sector
default rates. The mgf of the compound gamma model is given by

MCG
γ (T ) = exp

{
− 1

σ̂2
log

[
1 + σ̂2

K∑
k=1

1
βk

log(1 − βktk)

]}
(8)

Plugging this in (6) gives the pgf of the loss distribution.

The Two Stage CR+ Model
In this section, we present a model that explains the default risk at two levels. As in case of
the standard CR+ model the risk of each obligor is apportioned to a common set of industry
sectors using the parameters gA

k . The default rates of the industry sectors γk, k = 1, . . . ,K
are assumed to depend linearly on a set of common uncorrelated risk factors Y1, . . . , YN ,
that is,

γk =
N∑

i=1

aki Yi, (9)

where the variables Yi have gamma distribution with mean 1 and variance σii. The variables
Yi are the risk factors that drive the correlated changes in the sector default rates. These
variables can be obtained from a principle component analysis of macroeconomic variables
that influence the sector default rates. These principle components can be used in (9) to
estimate the parameters aki. A factor analysis on the residuals obtained from the above
regression will then describe the covariances among the sector default rates that have not
been accounted for by the macroeconomic factors. The unobservable factors obtained from
this procedure will be uncorrelated. The coefficients corresponding to these factors can be
obtained from the matrix of factor loadings. It is not necessary to model the sector default
rates using macroeconomic variables. A factor analysis based on the observed default rate
correlation matrix would suffice to obtain an estimate of the parameters aki. In keeping with
the requirement that E[γk] = 1 we normalise the coefficients aki such that

∑N
i=1 aki = 1.

Proceeding as in the standard CR+ framework and using (9), the pgf of the loss distribution
can be obtained as

G(z) = Eγ(exp(
K∑

k=1

γk Pk(z))) = EY (exp(
K∑

k=1

(
N∑

i=1

aki Yi) Pk(z)))

= EY (exp(
N∑

i=1

(
K∑

k=1

aki Pk(z)) Yi))

= EY (exp(
N∑

i=1

Yi Qi(z))) = MY (T = Q(z)), (10)

where T is the vector with the ith coefficient as ti and Q(z) is the vector with the ith

coefficient as Qi(z) =
∑K

k=1 aki Pk(z). Since the Yi are gamma distributed with mean 1 and
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variance σii, the pgf simplifies to

G(z) = exp

{
−

N∑
i=1

1
σii

log(1 − σiiQi(z))

}
. (11)

which can be computed using the recursion scheme described in Giese (2003). The choice
of a gamma distribution for the Yi is a matter of mathematical convinience as in other CR+

models. In fact one can assume any distribution for the Yi that gives a closed form expression
for the mgf that can be approximated by polynomials in a computationally efficient way.

Model Comparison
Example 1: We now compare the two stage model with the standard CR+ model and
the compound gamma model for a test portfolio that is close to the one considered in
Giese (2003). The test portfolio is made up of K = 12 sectors, each containing 3,000
obligors. Obligors in sectors 1 to 10 belong in equal parts to one of three classes with
adjusted exposures E1 = 1, E2 = 2.5, and E3 = 5 monetary units and respective default
probabilities p1 = 5.5%, p2 = .8%, p3 = .2%. For the three obligor classes in sectors 11
and 12, we assume the same default rates but twice as large exposures (E1 = 2, E2 = 5,
E3 = 10). We consider a uniform default rate variance Vkk = 0.04 for all sectors except for
sectors 11 and 12, where we set V11,11 = V12,12 = 0.49. Moreover, the correlation between
sectors 11 and 12 is set to be 0.5 whereas correlations between all the other sectors are set
equal to 0.

In case of the two stage model, this correlation structure would in principle be the outcome
of dependence of sector default rates on a common set of risk factors. The particular
structure illustrated will follow if we set γi = Yi, i = 1, . . . , 11, γ12 = 0.5(Y11 + Y12), where
the Yi’s are independent with V ar(Y12) = 0.49, V ar(Y11) = 0.49 and Var(Yi) = 0.04 for
i = 1, . . . , 10.

Table 1 compares the 99%, the 99.5% and the 99.9% quantiles of the loss distribution of
the two stage model with those of the standard CR+ (no inter-sector correlation) and the
compound gamma model (uniform inter-sector covariance). As expected, the introduction of
non-uniform inter-sector correlation increases the standard deviation of both our model and
the compound gamma one. The compound gamma model, employs a uniform inter-sector
covariance of σ̂2 = 0.013. This translates to a much lower correlation of 0.0265 (instead
of 0.5) between sectors 11 and 12. Since these sectors carry a significant proportion of the
total portfolio exposure and have large default rate variances, the compound gamma model
understates the concentration risk arising out of the correlations between sectors 11 and 12.

Exact Risk Contributions
In this section we replicate the derivation of the exact formula for the risk contribution from
each individual obligor as in Giese (2003), to whom we refer the reader for details.

The quantile contribution QCA of obligor A is defined as the expected individual loss
conditional on the portfolio loss being equal to lq, the q% portfolio loss quantile, i.e.,

QCA = νAE(NA|L = lq) = pAνA

∑K
k=1 gk

AD(lq−νA)Gk(z)
D(lq)G(z)

,
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where Gk(z) = ∂
∂tk

Mγ(T = P (z)), and Dk is an operator that returns the coefficient of zk

of a power series.

Evaluating Gk(z) is quite straightforward and yields,

Gk(z) = G(z)
N∑

i=1

aki

1 − σiiQi(z)

= G(z) (
N∑

i=1

ak,iexp(−log(1 − σiiQi(z)))).

The above representation for Gk(z) allows us to calculate the risk contributions QCA using
the recursive approximation of exponential and logarithm of polynomials as in Giese (2003).
For the test portfolio considered in the previous section, Table 2 shows risk contributions
aggregated by sectors for the compound gamma model and the two stage model for the
sample portfolio considered in example 1. In this example, sectors 11 and 12 carry a
significant proportion of the portfolio loss variance. Thus concentration risk arising due
to correlation between the default rates of these two sectors is important. The compound
gamma model, by assigning a correlation of 0.0265 instead of 0.5 grossly understates the
concentration risk in sectors 11 and 12. It also introduces a spurious corrrelation of 0.325
among sectors 1 to 10, thus projecting an increased concentration risk due to these sectors.

Example 2: We consider one more sample portfolio to show that the compound gamma
model cannot distinguish between the aggregate risk contributions of sectors with similar
variances and exposures but differing inter-sector correlations. The test portfolio is made
up of K = 12 sectors, each containing 3,000 obligors. Obligors in sectors 3 to 10 belong in
equal parts to one of three classes with adjusted exposures E1 = 1, E2 = 2.5, and E3 = 5
monetary units and respective default probabilities p1 = 5.5%, p2 = .8%, p3 = .2%. For the
three obligor classes in sectors 1, 2, 11 and 12, we assume the same default rates but twice
as large exposures (E1 = 2, E2 = 5, E3 = 10). We consider sector default rate variances
to be Vkk = 0.04 for k = 3, . . . , 10 and V1,1 = V2,2 = V11,11 = V12,12 = 0.49. Moreover,
the correlation between sectors 1 and 2 is set to be .5, between sectors 11 and 12 is set to
be .34 whereas all other inter-sector correlations are set equal to 0. This structure can be
obtained by taking γi = Yi for i = 2, . . . , 11, γ1 = 0.5(Y1 + Y2), γ12 = 0.34Y11 + 0.66Y12.

Tables 3 and 4 summarize the portfolio loss statistics and the sector-wise risk contribu-
tions respectively. The compound gamma model assigns an aggregated risk contribution
of 21.71% to sectors 1, 2, 11 and 12, while the two stage model assigns a higher risk con-
tribution of 27.42% to sectors 1, 2 and a lower proportional risk contribution of 21.59% to
sectors 11, 12.

Conclusion
We extend the compound gamma model proposed by Giese (2003) to account for the di-
verse correlation structure between the sector default rates. The compound gamma model
assigns a uniform level of covariance across sectors. This enhances low levels of correlations
and suppresses higher levels of correlations and hence distorts the concentration effects in
the portfolio. The two-stage model faithfully reproduces the diverse correlations that are
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observed between the sector default rates. The proposed model is easy to implement and
allows one to calculate the individual risk contributions and the loss distribution of the
entire portfolio.
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Standard CR+ Compound Gamma Model Two-Stage Model
Expected Loss 1% 1% 1%
Std Deviation 0.15% 0.17% 0.17%
99% Quantile 1.42% 1.48% 1.53%

99.5% Quantile 1.49% 1.55% 1.62%
99.9% Quantile 1.64% 1.71% 1.84%

Table 1: Comparison of the loss distributions from the standard CR+, compound gamma
and two stage models for the test portfolio in example 1. All loss statistics are quoted as
percentage of the total adjusted exposure.

Sector CR+ Compound Gamma Model Two-Stage Model
1, . . . , 10 0.57% 1.85 % 0.32 %

11 47.15 % 40.73% 48.4 %
12 47.15 % 40.73% 48.4 %

Table 2: Aggregated risk contributions (in percent) for the test portfolio in example 1.
Contributions to the loss variance for the risk-adjusted breakdown of VaR (on a 99.9%
confidence level).

Standard CR+ Compound Gamma Model Two-Stage Model
Expected Loss 1% 1% 1%
Std Deviation 0.18% 0.21% 0.21%
99% Quantile 1.49% 1.57% 1.60%

99.5% Quantile 1.56% 1.64% 1.69%
99.9% Quantile 1.72% 1.82% 1.91%

Table 3: Comparison of the loss distributions from the standard CR+, compound gamma
and two stage models for the test portfolio in example 2 . All loss statistics are quoted as
percentage of the total adjusted exposure.

Sector CR+ Compound Gamma Model Two-Stage Model
1, 2 24.25% 21.71% 27.42%

3, . . . , 10 0.37% 1.64 % 0.2 %
11, 12 24.25 % 21.71% 21.59 %

Table 4: Aggregated risk contributions (in percent) for the test portfolio in example 2.
Contributions to the loss variance for the risk-adjusted breakdown of VaR (on a 99.9%
confidence level).
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