
Math 231 Practice Midterm

Time limit: 90 minutes

September 19, 2016

Note: X, Y will usually denote topological spaces, and a subset of a topological
space acquires the subspace topology by default.

1. State if the following statements are true or false, and justify your
answer. [30 points]

(a) Let T be the collection all subsets of R whose complement is
countable (this includes finite), together with the empty set. Then
T defines a topology on R.

(b) Consider the set Y = {x-axis} ∪ {y-axis} as a subspace of the
xy-plane R2. Then the x-axis is open in Y .

(c) In the finite-complement topology on R, any subset of R is com-
pact.

(d) Rω with the box topology is first countable.

(e) If A ⊂ X is path-connected, then its closure Ā is also path-
connected.

(f) Let A and B be connected subsets of R2. Then A∩B is connected.

(g) Any finite union of compact subspaces of X is compact.

(h) If f : X → Y is a continuous bijection, and Y be Hausdorff. Then
X is necessarily Hausdorff also.

(i) Suppose f : X → Y is continuous and X is Lindelöf, then f(X)
is Lindelöf. (Recall that a space X is called Lindelöf if any open
covering has a countable subcovering.)

(j) Any locally compact Hausdorff space is regular.
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2. Let A ⊂ R2 be the subspace consisting of infinitely many “shrinking
circles” mutually tangent at the origin, that is,

A =
⋃
n∈N

{(x, y) ∈ R2|
(
x− 1

n

)2

+ y2 =
1

n2
}

Let B be the quotient space that arises by taking a countably infinite
collection of circles and identifying one point in each to a single point,
that is,

B = X/P
where X =

⊔
n∈N

S1
n and P is a partition consisting of a set {xn ∈ S1

n}

and the rest singletons.

(a) Is A locally path-connected? Explain why or why not. [3 points]

(b) Show that the space B is not compact. [4 points]

(c) Show that A is not homeomorphic to B. [3 points]

3. Let X be a metric space with a metric d, and let A be a closed subset.
For any point x ∈ X, we can define the distance

d(x,A) = inf
y∈A

d(x, y)

(a) Show that d(·, A) is a continuous function on X. [3 points]

(b) Show that d(x,A) = 0 ⇐⇒ x ∈ A. [2 points]

(c) If B is a closed set in X that is disjoint from A, use d(·, A) and
d(·, B) to construct a continuous function

f : X → [0, 1]

such that f(A) = {0} and f(B) = {1}. [5 points]

2


