
Math 231 Final exam

Solution sketch

1. (a) True. Consider a sequence of rationals qi →
√

2. Then (qi, 0)
belong to the subset (call it S), but limit to a point not in S,
which implies S is not closed. Similarly, consider a sequence of
irrationals converging to a rational number to say the complement
of S is not closed either, that is, S is not open.

(b) True. Any open set in R3 is locally path-connected. Locally path-
connected and connected implies path-connected.

(c) False. [0, 1] is compact, so the image of a continuous map is com-
pact.

(d) True. X is locally compact and countable implies there is a ba-
sis of open sets {Un}n∈N such that each closure Un is compact.
Then these open sets, together with X̂ \

(
U1 ∪ U2 ∪ · · ·Un

)
, form

a countable basis for X̂.

(e) True. A metric space is Hausdorff, and hence X being compact
is a Baire space. Since X can be written as a countable union
of singetons, there must be a singleton x ∈ X with non-empty
interior, that is, with {x} open.

(f) False. The preimage of any neighborhood [0, ε) of 0 is a connected
open set U = (−ε, ε) and the restriction of p to U is not injective,
and hence not a homeomorphism.

2. Consider two distinct points y1, y2 ∈ Y . Their preimages are compact
sets K1 and K2 that are disjoint. In a Hausdorff space, one can separate
two such compact sets, that is, there are disjoint open sets U1, U2 with
K1 ⊂ U1 and K2 ⊂ U2. SInce p is a closed map, C1 = p(X \ U1) and
C2 = p(X \U2) are closed sets. Then Y \C1 and Y \C2 are the required
open sets separating the given points.

3. Let dX and dY be the metrics on X and Y respectively. There are many
choices of metric on the product X × Y that define the same topol-
ogy. For example, for pairs of points (x, y) and (x′, y′) in X × Y , con-
sider d1((x, y), (x′, y′)) = dX(x, x′) + dY (y, y′) and d2((x, y), (x′, y′)) =
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max{dX(x, x′), dY (y, y′)}. One needs to check that these are metrics,
and that they are equivalent: d2 ≤ d1 ≤ 2d2, so they induce the same
topology. To check that this is in fact the same as the product topology
on X × Y , use the criterion for proving one topology is finer than the
other. Namely, any basis element of the product topology containing a
point (x, y) is of the form U × V where U and V are open in X and Y
respectively. Then if BdX (x, r) ⊂ U and BdY (y, r) ⊂ V for some r > 0,
then Bd2((x, y), r) ⊂ U × V . Conversely, any metric ball Bd2((x, y), r)
contains the set BdX (x, r)×BdY (y, r) that is open the product topology.

4. (a) Not homeomorphic. Choose an interior point x0 of I × I. If there
is a homeomorphism f : I × I → S2, it restricts to a homeomorphism
from I × I \ {x0} to S2 \ {f(x0}. However by pushing points radially,
I × I \ {x0} deform-retracts to a circle, which is not simply-connected,
whereas S2 \{f(x0} is homeomorphic to R2 which is simply connected.
Hence these spaces cannot be a homeomorphic, which is a contradic-
tion to our original assumption.

(b) Homeomorphic. Use the fact that an “L” shape is homeomorphic to
“|” - subdivide |” into two pieces, and then map the vertical and hori-
zontal pieces of L homeomorphically to each piece of |”. (The resulting
map is a homeomorphism because of the Pasting Lemma.)

5. (a) π1(S
1 × Z) = Z. Using what was done in class, one can see this by

a deformation retraction of the space to S1 × {0}, and using the fact
that π1(S

1) = Z. (More generally, for path-connected spaces X and Y ,
π1(X × Y ) = π1(X)× π1(Y ).)

(b) The fundamental group is trivial: any loop in this subspace can
be homotoped to a constant loop at (0, 0) by a straight-line homotopy.
(Note that the straight line from any point in this subspace to the origin
remains within the subspace.)
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