
Math 231 Final practice exam

Time limit: 120 minutes

November 28, 2016

Note: X, Y will usually denote topological spaces, and a subset of a topological
space acquires the subspace topology by default.

1. State if the following statements are true or false, and justify your
answer. [30 points]

(a) The subset {(x, y) ∈ R2;x+ y ∈ Z} of R2 is closed.

(b) Let A be a path-connected subspace of R2. Then its closure Ā is
also path-connected.

(c) The sphere S2 is a regular space.

(d) Let A be a closed subset of a metric space X. Then there exists
a continuous function f : A→ [0, 1] such that f−1(0) = A.

(e) The subspace Z ⊂ R is a Baire space.

(f) Let S1 = {|z| = 1} and let f, g : I → S1 be two loops based at 1,
defined by f(t) = e2πit and g(t) = e4πit. Then f and g are path
homotopic.

2. Consider the countable collection of intervals {[0, 1]α|α ∈ N}. Consider
the quotient space X obtained by identifying all the 0’s of these inter-
vals to a single point. [5 + 5 points]

(a) Show that X is Hausdorff.
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(b) Show that X is not metrizable.

3. Let K be a compact subset of R2. Show that R2 \K has exactly one
component which is unbounded, that is, whose closure (in R2 \ K) is
non-compact. [10 points]

4. Show that the following pairs of spaces are not homeomorphic to each
other. [5 + 5 points]

(a) S2 and S3, which are the unit spheres in R3 and R4 respectively.

(b) Z and Q, as subspaces of the real line.

5. Show that the following path-connected spaces have a non-trivial fun-
damental group. [5 + 5 points]

(a) The subspace of R2 described by {(x, y);x2 + y2 > 1}.

(b) R2 \ {p, q} where p and q are distinct points in R2.
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