
Math 231 Final exam

Time limit: 120 minutes

December 8, 2016

Note: X, Y will usually denote topological spaces, and a subset of a topological
space acquires the subspace topology by default.

1. State if the following statements are true or false, and justify your
answer. [30 points]

(a) The subset {(x, y) ∈ R2;x + y ∈ Q} is neither open nor closed.

(b) Let U be a connected open subset of R3. Then U is also path-
connected.

(c) There exists a continuous surjective map f : [0, 1]→ R2.

(d) Let X be a locally compact Hausdorff space that is second count-
able. Then its one-point compactification X̂ is second countable.

(e) Let X be a countable set that is also a compact metric space.
Then there exists a point x ∈ X such that {x} is open.

(f) The map p : [−1, 1] → [0, 1] defined by p(x) = |x| is a covering
map.

2. Let p : X → Y be a continuous, surjective and closed map, such that
p−1(y) is compact for each y ∈ Y . Show that if X is Hausdorff, then
so is Y . (Recall that closed map is one that takes closed sets to closed
sets.) [10 points]
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3. Let X and Y be metric spaces. Define two distinct metrics on X × Y
that both induce the product topology on X × Y and prove that they
do so. [10 points]

4. Determine if the following pairs of spaces are homeomorphic to each
other or not. Justify your answer. [5 + 5 points]

(a) I × I and S2, where I denotes the closed interval [0, 1].

(b) The letters

E and F

as subsets of R2 as printed above.

5. Find the fundamental group of the following path-connected spaces,
and justify your answer. [5 + 5 points]

(a) S1 × R

(b) The subspace of R2 that is the union of the x-axis and y-axis.

——————
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