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I have summarised below my research done in India. I begin with a brief
overview of topology of manifolds for the sake of perspective.

1. Topology of manifolds: high-dimensions and low-dimensions

Somewhat surprisingly, the topology of manifolds of dimension 5 and above is
in many ways simpler than that of low-dimensional manifolds. This is essentially
because in low-dimensions curves can be knotted, which does not happen in high
dimensions as generic discs are embedded. As a result, research in topology has
focussed for the most part on dimensions 4 and below in the last thirty years.

Within low-dimensions, different phenomena have significant roles. In dimen-
sions 2 and 3, the relation between topology and geometry, beginning with the
Riemann uniformisation theorem and brought to a climax by the celebrated recent
work of Perelman, dominates.

The work of Freedman shows that topological four-manifolds behave like high-
dimensional manifolds. On the other hand, the topology of smooth four-manifolds
is radically different, as was first shown by Donaldson. Major advances have been
made using methods from Gauge theory, symplectic topology etc. Nevertheless,
the differential topology of four-manifolds remains mysterious.

While surfaces are well understood, maps between surfaces are still an interesting
area of research.

2. High-dimensions versus low : Handle-cancellation

A central technique in high-dimensional topology is handle cancellation. It is
thus important to understand the failure of handle cancellation in low-dimensions,
especially for smooth four-manifolds.

Handle cancellation in particular implies that simply-connected manifolds have
handle-decompositions without 1-handles. We showed that this does not happen
for smooth four-manifolds in a strong relative sense sensitive to smooth structures.

Theorem 2.1. There is a smooth four-manifold W and a knot γ ∈ ∂W so that for
any handle-decomposition of W , the co-core of some 1-handle intersects γ.

We remark that there is a knot γ′, which is mapped to γ by a homeomorphism,
that is disjoint from the co-core of all 1-handles in a handle-decomposition. Thus,
our result is sensitive to smooth structures.

3. Surgery and complexity of 3-manifolds

Surgery is a fundamental construction in topology. In particular, given any two
closed three-dimensional manifolds M and N , one can obtain M from N by surgery
about a link in N .
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There is a natural sense, given by degree-one maps, in which one can say that a
3-manifold M has greater complexity than another 3-manifold N . We gave a simple
and natural characterisation of when surgery results in a more complex 3-manifold.

Theorem 3.1. There is a degree-one map from M to N if and only if M can be
obtained from N by surgery about a link L, each of whose components is an unknot.

The above result was motivated in part by relations to topological field theories.

4. Field theories and exotic R4’s

One of the most interesting phenomena in the topology of smooth four-manifolds
is the existence of exotic smooth structures on R4. These structures were previously
shown to be exotic using indirect arguments. We constructed the first invariant of
open manifolds that can detect exotic smooth structures on R4.

Theorem 4.1. There is an invariant HE of certain open smooth four-manifolds
and a manifold X homeomorphic to R4 so that HE(X) 6= HE(R4).

Our invariant was constructed using the topological field theory properties of
Heegaard Floer theory of Ozsvath and Szabo.

5. Least-area surfaces and incompressibility

Surfaces minimising area, when they exist, are a powerful geometric tool in
topology. However, the existence of such surfaces is a subtle question due to bubbling
– a phenomenon first discovered in this context by Sacks-Uhlenbeck which has
come to play a fundamental role in non-linear analysis. Fundamental results of
Sacks-Uhlenbeck and Schoen-Yau assert that incompressible surfaces in irreducible
3-manifolds have minimal representatives.

We showed that incompressibility can be characterised by the existence of such
least area representatives.

Theorem 5.1. Suppose F ⊂ M is a surface in a 3-manifold M so that for every
Riemannian metric g on M there is a surface F (g) minimising area among surfaces
homotopic to F , then F is incompressible.

6. Automorphisms fixing theta characteristics

Theta divisors are an important object in algebraic geometry. They are square
roots of the cotangent bundle of a Riemmann surface F . We (in work with Parameswaran
Sankaran and Indranil Biswas) characterised automorphisms fixing theta divisors.

Theorem 6.1. Suppose τ 6= id is an automorphism of F fixing all theta divisors.
Then F is a hyperelliptic surface and τ is the hyperelliptic involution.

In joint work with Indranil Biswas, we extended to the case of automorphisms
fixing odd theta characteristics and ones fixing real theta characteristics.

7. Homology and homeomorphisms of non-orientable surfaces

A non-orientable surface F has a Z/2Z-valued intersection pairing on their first
homology, which is clearly preserved by homeomorphisms. We (joint with Dishan
Pancholi) showed:

Theorem 7.1. Let ϕ : H1(F, Z) → H1(F, Z) be an isomorphism that preserves the
intersection pairing. Then there is a homeomophism f : F → F such that f∗ = ϕ.
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8. Intersection numbers for free groups

Geometric and topological methods have proved to be important in the study
of infinite groups. In particular, free groups and associated objects are studied,
in analogy with surfaces, using the model manifold M = S2 × S1# . . .#S2 × S1.
Embedded spheres play the role of simple closed curves.

Theorem 8.1. There is an algorithm to decide whether a class in π2(M) can be
represented, up to conjugacy, by an embedded sphere.

We also found an algorithm to decide when classes can be represented by disjoint
spheres. More generally, we can consider the minimal number of components of
intersection of two spheres, called the geometric intersection number. In joint work
with Suhas Pandit, we showed that the geometric intersection number coincides
wih an algebraically defined quantity.

Theorem 8.2. For classes A,B ∈ π2(M), the algebraic and geometric intersection
numbers are equal.

9. Limits of functions and elliptic operators

Often, elliptic operators that are not evident in a problem play a crucial role.
Thus, it is important to be able to deduce the presence of an elliptic operator. We
showed that certain regularity properties imply the existence of an elliptic operator.

Theorem 9.1. Let S be a subspace of real analytical functions on a compact real
analytical manifold M that is closed under the L2-norm on M . Assume further that
if fn ∈ S is a sequence of functions such that fn → f in L2(M), then fn → f in
all Sobolev spaces W 2,k(M), k ∈ N. Then there is an analytical elliptic differential
operator P on M such that ∀f ∈ S, Pf = 0.

10. Extremes of the Indian Summer Monsoon

El Nino (ENSO) has been long known to influence the Indian Summer Monsoon
Rainfall. In recent years, another factor (EQWIN) related to the Indian Ocean has
been found to be significant.

Using order statistics, we showed that indices for EQWIN and ENSO together
are very strongly related to extremes of the monsoon. There is no relation to rainfall
in the normal range. This was joint work with three other authors.

11. RNA secondary structure and Milnor invariants

RNA plays a very important role in nature, being both an information carrier
and a catalyst. The properties of an RNA molecule depend strongly on the way it
folds. The dominant force determining the folding is the Watson-Crick pairing of
bases.

Watson-Crick pairing can naturally be modelled in terms of the free group. Using
this we introduced analogues of Milnor invariants of links. We showed that the first
of these new numbers can predict allosteric structures. i.e., deep local minima.
These are important for enzyme regulation.


